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Abstract

While machine learning algorithms and models for graph-structured data have been actively studied, the
problems of handling new entities (nodes) and representing entire graphs remain challenging. My thesis
focuses on how to tackle such problematic issues on a graph. In other words, we develop methods for
representing unseen entities and entire graphs more accurately, summarized into two folds:

For the problem of representing unseen entities, we first introduce a realistic task of out-of-graph
link prediction that aims to predict missing links for unseen entities. Then, to tackle this, we propose a
transductive meta-learning framework that makes it possible to simulate the unseen during training. We
validate our method on benchmark datasets for knowledge graph completion and drug-drug interaction
prediction. The experimental results show that our method significantly outperforms existing baselines
on the out-of-graph link prediction task, due to its effectiveness in accurately representing unseen entities.

For the problem of representing entire graphs, we aim to embed different graphs into distinct vectors.
To do so, we consider the graph encoding problem as a multiset encoding problem, which allows for
possibly repeating elements, since a graph may have redundant nodes. Then, over the multiset encoding
scheme, we propose a graph multiset transformer that captures interaction among nodes, while reducing
the size of the given graph, to obtain a compact yet entire graph representation. We theoretically prove
that our method is as powerful as the Weisfeiler-Lehman graph isomorphism test, but also empirically
show that it outperforms baselines on graph classification, reconstruction, and generation tasks.

We believe both of our approaches contribute to the optimal goal of accurate learning of real-world

graphs, often evolving with unseen nodes and having a large number of nodes to capture at once.

Keywords Machine Learning, Graph Neural Networks, Graph Representation Learning, Meta Learning,
Graph Pooling, Link Prediction, Graph Classification, Graph Reconstruction, Graph Generation
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Chapter 1. Introduction

A graph can express a rich interaction between elements, which is widely used to denote a large
number of interconnected systems, including but not limited to social science [1], physical system [2], and
knowledge base [3], with a set of objects and their relations. To deal with such graph-structured data
under an end-to-end learning scheme, graph neural networks (GNNs) have been proposed [4, 5], which
generally represent the nodes by aggregating the features of their neighborhoods. In spite of their sim-
plicity in representing nodes of the given graph, they have been broadly utilized for many graph-related
tasks, such as node classification [6], link prediction [7], travel-time prediction [8], recommendation [9],
to name a few.

However, despite such successes of graph neural networks, there are important remaining challenges
that hurt the accurateness of graph representation learning. For example, in a real-world scenario, graphs
often have an evolving nature, where new entities are consistently coming in with few links. Also, for
tasks requiring a representation of an entire graph or a subgraph (e.g., graph classification [10] and graph
retrieval [11]), we have to summarize the representation of multiple nodes. However, most of the existing
node-level GNNs are insufficient to obtain accurate representations of emerging nodes and entire graphs.

Thus, in this thesis, we first focus on the problems of existing node-level GNNs for each task of the
unseen node representation and the entire graph representation. After that, to tackle those limitations,
we introduce two methods that can be easily coupled with existing node-level GNNs, yet make significant
performance gains from them.

Specifically, in Chapter 2, we focus on the challenges of evolving graphs, such as knowledge graph
and drug-drug interaction graph, where new entities emerge over time with few associated links to embed
them. Then, to formally define this observed challenge, we introduce a novel problem of few-shot out-
of-graph link prediction. After that, we solve the proposed problem with a transductive meta-learning
framework, where the model learns to represent unseen entities that are simulated from seen entities
during training, unlike the conventional learning scheme that cannot observe unseen at training. As
an architecture choice for the meta-learning framework, we use an existing message-passing scheme of
GNNs, thus showing that existing GNNs can accurately represent an unseen entity by extrapolating the
knowledge from its associated seen entities, only with a change of GNNs’ learning scheme.

On the other hand, in Chapter 3, we aim at obtaining a compact representation of an entire graph,
for which effectively summarizing a set of node representations obtained from node-level GNNs is an
important challenge. Notably, when representing an entire graph, one might further want to distinguish
two different graphs in the representation space (i.e., obtaining different representations from different
graphs), thus we further aim at obtaining the graph representation that is as powerful as the Weisfeiler-
Lehman (WL) graph isomorphism test [12]. In order to satisfy those two requirements (i.e., summarizing
the whole node representations while distinguishing different graphs), we propose a transformer-based
architecture that captures interaction among nodes, and then prove that it is at most as powerful as
the WL test. Our model is easily coupled with existing node-level GNNs, but significantly improves
the performance of existing GNNs on graph-level tasks (e.g., graph classification, reconstruction, and
generation) with high memory and time efficiency.

Finally, in Chapter 4, we summarize the contributions and the potential directions of our work:

toward accurate learning of graph representations on all scales from nodes, to edges, to graphs.



This Chapter is based on the work that is published at NeurIPS 2020 [13].

Chapter 2. Accurate Learning of Unseen Node Representations

How do we handle emerging entities, which are common in evolving graphs such as knowledge
graphs, that are not seen during training? We provide the summary of the problem that we

tackle, the method that we propose, and the results that we obtain, in below.

Many practical graph problems, such as knowledge graph construction and drug-drug interac-
tion prediction, require to handle multi-relational graphs. However, handling real-world multi-
relational graphs with Graph Neural Networks (GNNs) is often challenging due to their evolving
nature, as new entities (nodes) can emerge over time. Moreover, newly emerged entities often have
few links, which makes the learning even more difficult. Motivated by this challenge, we introduce
a realistic problem of few-shot out-of-graph link prediction, where we not only predict the links
between the seen and unseen nodes as in a conventional out-of-knowledge link prediction task but
also between the unseen nodes, with only few edges per node. We tackle this problem with a novel
transductive meta-learning framework which we refer to as Graph Extrapolation Networks (GEN).
GEN meta-learns both the node embedding network for inductive inference (seen-to-unseen) and
the link prediction network for transductive inference (unseen-to-unseen). For transductive link
prediction, we further propose a stochastic embedding layer to model uncertainty in the link
prediction between unseen entities. We validate our model on multiple benchmark datasets for
knowledge graph completion and drug-drug interaction prediction. The results show that our

model significantly outperforms relevant baselines for out-of-graph link prediction tasks.

2.1 Introduction

Graphs have a strong expressive power to represent structured data, as they can model data into a
set of nodes (objects) and edges (relations). To exploit the graph-structured data which works on a non-
Euclidean domain, several recent works propose graph-based neural architectures, referred to as Graph
Neural Networks (GNNs) [14, 6]. While early works mostly deal with simple graphs with unlabeled
edges, recently proposed relation-aware GNNs [3, 15] consider multi-relational graphs with labels and
directions on the edges. These multi-relational graphs expand the application of GNNs to more real-
world domains such as natural language understanding [16], modeling protein structure [17], drug-drug
interaction prediction [18], retrosynthesis planning [19], to name a few.

Among multi-relational graphs, Knowledge Graphs (KGs), which represent knowledge bases (KBs)
such as Freebase [20] and WordNet [21], receive the most attention. They represent entities as nodes and
relations among the entities as edges, in the form of a triplet: (head entity, relation, tail entity) (e.g.,
(Louvre museum, is located in, Paris)). Although knowledge graphs in general contain a huge amount of
triplets, they are well known to be highly incomplete [22]. Therefore, automatically completing knowledge
graphs, which is known as the link prediction task, is a practically important problem for KGs. Prior
works tackle this problem, i.e., inferring missing triplets, by learning embeddings of entities and relations

from existing triplets, and achieve impressive performances [23, 24, 25, 26, 27].
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Figure 2.1: Concept (Left): An illustration of Out-of-Graph link prediction for emerging entities. Blue
dotted arrows denote inferred relationships between seen and unseen entities, and red dotted arrows denote
inferred relationships between unseen entities. (Center): An illustration of our meta-learning framework for
the Out-of-Graph link prediction task. Orange arrows denote the support (training) set and green dotted arrows
denote the query (test) set. Visualization of embeddings (Right): Our transductive GEN embeds the unseen
entities on the manifold of seen entities, while the baseline [28] embeds the unseen entities off the manifold.
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on these emerging entities pose a new challenge, especially Figure 2.2: Entity frequency distribution of
when predicting the links between emerging (unseen) entities the NELL-995 knowledge graph dataset.
themselves. Moreover, real-world KGs generally exhibit long-tail distributions, where a large portion of
the entities have only few triplets (See Figure 2.2). The embedding-based methods, however, usually as-
sume that a sufficient number of associative triplets exist for training, and cannot embed unseen entities.
Thus they are highly suboptimal for learning and inference on evolving real-world graphs.

Motivated by the limitations of existing approaches, we introduce a realistic problem of Few-Shot
Out-of-Graph (OOG) link prediction for emerging entities. In this task, we not only predict the links
between seen and unseen entities but also between the unseen entities themselves (Figure 2.1, left). To
this end, we propose a novel meta-learning framework for OOG link prediction, which we refer to as
Graph Extrapolation Networks (GENs) (Figure 2.1, center). GENs are meta-learned to extrapolate the
knowledge from seen to unseen entities, and transfer knowledge from entities with many to few links.

Specifically, given embeddings of the seen entities for a multi-relational graph, we meta-train two
GNNss to predict the links between seen-to-unseen, and unseen-to-unseen entities. The first GNN, induc-
tive GEN, learns to embed the unseen entities that are not observed, and predicts the links between seen
and unseen entities. The second GNN, transductive GEN, learns to predict the links not only between
seen and unseen entities, but also between unseen entities themselves. This transductive inference is
possible since our meta-learning framework can simulate the unseen entities during meta-training, while
they are unobservable in conventional learning schemes. Also, since link prediction for unseen entities
is inherently unreliable, which gets worse when few triplets are available for each entity, we learn the
distribution of unseen representations for stochastic embedding to account for the uncertainty. Further,
we apply a transfer learning strategy to model the long-tail distribution. These lead GEN to represent
the unseen entities that are well aligned with the seen entities (Figure 2.1, right).

We validate GENs for their OOG link prediction performance on three knowledge graph completion
datasets, namely FB15K-237 [20], NELL-995 [30], and WN18RR [25]. We also validate GENs for OOG
drug-drug interaction prediction task on DeepDDI [31] and BIOSNAP-sub [32] datasets. The experi-

mental results on five datasets show that our model significantly outperforms the baselines, even when



they are retrained from scratch with unseen entities considered as seen entities. Further analysis of
each component shows that both inductive and transductive layers of GEN help with the accurate link

prediction for OOG entities. In sum, our main contributions are summarized as follows:

¢ We tackle a realistic problem setting of few-shot out-of-graph link prediction, aiming to perform
link prediction not only between seen and unseen entities but also among unseen entities for multi-

relational graphs that exhibit long-tail distributions, where each entity has only few triplets.

o To tackle this problem, we propose a novel meta-learning framework, Graph Extrapolation Net-
work (GEN), which meta-learns the node embeddings for unseen entities, to obtain low error on link

prediction for both seen-to-unseen (inductive) and unseen-to-unseen (transductive) cases.

o We validate GEN for few-shot out-of-graph link prediction tasks on five benchmark datasets for
knowledge graph completion and drug-drug interaction prediction, on which it significantly

outperforms relevant baselines, even when they are retrained with the unseen entities.

2.2 Related Work

Graph Neural Network Existing Graph Neural Networks (GNNs) encode the nodes by aggregating
the features from the neighboring nodes, that use recurrent neural networks [33, 34], mean pooling with
layer-wise propagation rules [6, 35], learnable attention-weighted combinations of the features [36, 37],
to name a few. While most of the existing models work with simple undirected graphs, some recently
proposed models tackle the multi-relational graphs for their practical importance. Directed-GCN [16] and
Weighted-GCN [15] consider direction and relation types, respectively. Also, R-GCN [3] simultaneously
considers direction and relation types. Similarly, MPNN [38] uses the edge-conditioned convolution to
reflect the information on the edge types between nodes. Recently, Vashishth et al. [39] propose to
jointly embed nodes and relations in a multi-relational graph. Since our GEN is a general framework
for out-of-graph link prediction rather than a specific GNN architecture, it is compatible with any GNN

implementations for multi-relational graphs.

Meta Learning Meta-learning, whose objective is to generalize over the distribution of tasks, is an
essential approach for our few-shot out-of-graph link prediction framework, where we simulate the unseen
nodes with a subset of training nodes. To mention a few, metric-based approaches [40, 41] learn a shared
metric space to minimize the distance between correct and instance embeddings. On the other hand,
gradient-based approaches [42, 43] learn shared parameters for initialization, to generalize over diverse
tasks in a bi-level optimization framework. A few recent works consider meta-learning with GNNs, such
as Satorras and Estrach [44] and Liu et al. [45] propose to meta-learn the GNNs for few-shot image
classification, and Zhou et al. [46], Ding et al. [47] and Lan et al. [48] propose to meta-learn the GNNs
for few-shot node classification. Further, Meta-Graph [49] proposes to construct graphs over the seen

nodes, with only a small sample of known unlabeled edges.

Multi-relational Graph A popular application of multi-relation graphs is Knowledge Graph (KG)
completion. Previous methods for this problem can be broadly classified as translational distance
based [23, 50], semantic matching based [24, 51], convolutional neural network based [26, 25], and graph
neural network based methods [3, 27]. While they require a large number of training instances to embed

nodes and edges in a graph, many real-world graphs exhibit long-tail distributions. Few-shot relational



learning methods tackle this issue by learning few relations of seen entities [52, 53, 54]. Nonetheless, the
problem becomes more difficult as real-world graphs have an evolving nature with new emerging entities.
Several models [55, 56] tackle this problem by utilizing extra information about the entities, such as their
textual description. Furthermore, some recent methods [57, 28, 58] propose to handle unseen entities in
an inductive manner, to generate embeddings for unseen entities without re-training the entire model
from scratch. However, since they can not simulate the unseen entities in the training phase, there are
some fundamental limitations on the generalization for handling actual unseen entities. On the other
hand, our method entirely tackles both of seen-to-unseen and unseen-to-unseen link prediction, under the
transductive meta-learning framework that simulates the unseen entities during training. Drug-Drug In-
teraction (DDI) prediction is another important real-world application of multi-relational graphs, where
the problem is to predict interactions between drugs. Recently, Zitnik et al. [18] and Ma et al. [59]
propose end-to-end GNNSs to tackle this problem, which demonstrate comparatively better performances
over non-GNN methods [60, 61, 62].

2.3 Few-Shot Out-of-Graph Link Prediction

Our goal is to perform link prediction for emerging entities of multi-relational graphs, in which a
large portion of the entities have only few triplets associated with them. We begin with the definitions
of the multi-relational graph and the link prediction task, which we formalize in Definition 2.3.1 and
Definition 2.3.2 as follows:

—[ Definition 2.3.1: Multi-relational Graph }

Let € and R be two sets of entities and relations respectively. Then a link is defined as a triplet
(en,T,et), where ey, e; € E are the head and the tail entity, and r € R is a specific type of relation
between the head and tail entities. A multi-relational graph G is represented as a collection of
triplets. That is denoted as follows: G = {(en,r,et)} CE X R x E.

—

—[ Definition 2.3.2: Link Prediction

Link prediction refers to the task of predicting an unknown item of a triplet, when given two other
items. We consider both of the entity prediction and relation prediction tasks. Entity prediction
refers to the problem of predicting an unknown entity e C &, given the entity and the relation:
(en,m,?7) or (7,7, e). Relation prediction refers to the problem of predicting an unknown relation

r C R, given the head and tail entities: (en,?,eq).

Link prediction for multi-relational graphs Link Table 2.1: Score functions for multi-relational

prediction is essentially the problem of assigning high graphs, where & denotes concatenation.

scores to the true triplets, and therefore, many existing Model Score Function Domain

methods use score function s(ey, 7, €;) to measure the score ~ TransE [23]  —flen + 7 —eif|l2 Knowledge Graph
DistMult [24] (en, T, e) Knowledge Graph

of a given triplet, where the inputs depend on their respec-
tive embeddings (see Table 2.1). As a result, the objective Linear [38] r(en ®er) Drug Interaction

of the link prediction is to find the representation of triplet elements and the function parameters in a

parametric model case, which maximize the score of the true triplets. Which embedding methods to use

depends on their specific application domains. However, existing works mostly tackle the link prediction



between seen entities that already exist in the given multi-relational graph. In this work, we tackle a
task of few-shot Out-of-Graph (OOG) link prediction formally defined in Definition 2.3.3 as follows:

—[ Definition 2.3.3: Few-Shot Out-of-Graph Link Prediction }

Given a graph G C € X R x £, an unseen entity is an entity ¢’ € £, where ENE' = (. Then, out-
2,),
or (€,7,¢), where é € (EUE’"). We further assume that each unseen entity e’ is associated with K
triplets: |{(e/,r,€)or (é,r,e')}| < K and é € (EUE’), where K is a small number (e.g., K <3).

of-graph link prediction is the problem of performing link prediction on (¢',r,?7), (?,r,€e'), (¢/

While few existing works [57, 28, 58] tackle the entity prediction between seen and unseen entities,
in real-world settings, unseen entities do not emerge one by one but may emerge simultaneously as a
set, with only few triplets available for each entity. Thus, they are highly suboptimal in handling such

real-world scenarios, such as few-shot out-of-graph link prediction which we tackle in this work.

2.4 Learning to Extrapolate Knowledge
with Graph Extrapolation Networks

We now introduce Graph Extrapolation Networks (GENSs) for the out-of-graph (OOG) link prediction
task. Since most of the previous methods assume that every entity in the test set is seen during training,
they cannot handle emerging entities, which are unobserved during training. While few existing works [57,
28, 58] train for seen-to-seen link prediction with the hope that the models generalize on seen-to-unseen
cases, they are suboptimal in handling unseen entities. Therefore, we use the meta-learning framework to
handle the OOG link prediction problem, whose goal is to train a model over a distribution of tasks such
that the model generalizes well on unseen tasks. Figure 2.1 illustrates our learning framework. Basically,
we meta-train GEN which performs both inductive and transductive inference on various simulated test
sets of OOG entities, such that it extrapolates the knowledge of existing graphs to any unseen entities.

We describe the framework in detail in next few paragraphs.

Learning Objective Suppose that we are given a multi-relational graph G C £ x R x £, which consists
of seen entities e € £ and relations 7 € R. Then, we aim to represent the unseen entities ¢/ € £ over a
distribution p(€’), by extrapolating the knowledge on a given graph G, to predict the links between seen
and unseen entities: (e,r,e’) or (¢/,r,¢e), or even between unseen entities themselves: (e’,r,e’). Toward
this goal, we have to maximize the score of a true triplet s(ep,r, e;) that contains any unseen entities
€’ to rank it higher than all the other false triplets, with embedding and score function parameters 6

denoted as follows:
Hl;iXEe/Np(g/) [s(e’,r,&0) or s(é,r,e';0)], where €€ (EUE’) ande €& (2.1)

While this is a seemingly impossible goal as it involves generalization to real unseen entities, we can

tackle it with meta-learning by simulating unseen entities during training, which we describe next.

Meta-Learning Framework While conventional learning frameworks can not handle unseen entities

in the training phase, with meta-learning, we can formulate a set of tasks such that the model learns



Seen to Unseen Unseen to Unseen

Algorithm 1 Meta-Learning of GEN

Require: Distribution over training tasks p (7T¢rain)
Require: Learning rate for meta-update «
1: Imt'lahze parameters © = {0,0,,,0,} g0(5)|P1 Dy
2: while not done do | Transductive |
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for all ¢} € T do ]
Sample support and query sets {S;, Q;} correspond to e; | Identity |
Inductively generate using (2.3): ¢; = fo (Si)
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6

7 end for
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' pdate © 0 —a @Zi (Qi; ¢4) using (2.6) tive and transductive learning, and then

13: end while predict links with the output embedding ¢’.

to generalize over unseen entities, which are simulated using seen entities. To formulate the OOG link
prediction problem into a meta-learning problem, we first randomly split the entities in a given graph
into the meta-training set for simulated unseen entities, and the meta-test set for real unseen entities.
Then, we generate a task by sampling the set of simulated unseen entities during meta-training, for the
learned model to generalize over actual unseen entities (See Figure 2.1, center).

Formally, each task T over a distribution p(7") corresponds to a set of unseen entities & C &', with a
predefined number of instances |E7| = N. Then we divide the triplets associative with each entity e} € &7
into the support set S; and the query set Q;: 7 = Ufil S;UQ;, where S; = {(e],7;,€;) or (&j,7;, eg)}ﬁil
and Q; = {(eg,rj,éj)or(éj,rj,eé)};.vﬁKH; éj € (EUE"). K is the few-shot size, and M; is the number
of triplets associated with each unseen entity e;. Our meta-objective is then learning to represent the
unseen entities as ¢ using a support set S with a meta-function f, to maximize the triplet score on a

query set @ with a score function s as follows:

N M;
1 - - ~
maxBrpr) | > o D s(eh, 85500, 0) or s(, 5, ¢500,0) | 5 b = fo(Si). (22)
i=1 | ' j=K+41

We refer to this specific setting as K-shot out-of-graph (OOG) link prediction throughout this paper.
Once the model is trained with the meta-training tasks 7;,qin, We can apply it to unseen meta-test tasks

Tiest, whose set of entities is disjoint from Ty.qipn, as shown in the center of Figure 2.1.

Graph Extrapolation Networks In order to extrapolate knowledge of a given graph G to an unseen
entity e} through a support set S;, we propose a GNN-based meta-learner that outputs the representation

of unseen entities. We formulate our meta-learner fy(-) as follows (Figure 2.3-Inductive):

f@ (Sz) = i Z WrCr,ea (23)

(r,e)en(S;)

where n(-) is a set of neighboring entities and relations: n (S;) = {(r,e) | (¢}, e)or (e,r,e}) € S;}. Fur-
ther, K is a size of n(S;), W, € R?*24 i5 a relation-specific transformation matrix that is meta-learned,
and C . € R?? is a concatenation of feature representations of the relation-entity pair. Since GEN is

essentially a framework for OOG link prediction, it is compatible with any GNNs.



Transductive Meta-Learning of GENs The previously described inductive GEN constructs the
representation of each unseen entity e} through a support set S;, and then performs link prediction on a
query set Q,, independently. A major drawback of this inductive scheme is that it does not consider the
relationships between unseen entities. However, to tackle unseen entities simultaneously as a set, one
should consider not only the relationships between seen and unseen entities as with the inductive GEN,
but also among unseen entities themselves. To tackle this issue, we extend the inductive GEN to further
perform a transductive inference, which will allow knowledge to propagate between unseen entities (see
Subsection 2.7.5 of the Appendix for further discussions on inductive and transductive GENs).

More specifically, we add one more GEN layer gg(-), which is similar to the inductive meta-learner

fo(+), to consider inter-relationships between unseen entities (Figure 2.3-Transductive):

1
90(S0) = D Wilre+ Wooy, (24)

(r,e)en(S;)

where Wy € R?*? is a weight matrix for the self-connection to consider the embedding ¢;, which is
updated by the previous inductive layer fg(S;). To leverage the knowledge of neighboring unseen entities,
our transductive layer go(-) aggregates the representations across all the neighbors with a weight matrix
W/ € R4*24 where neighbors can include the unseen entities with embeddings ¢, rather than treating

them as noises or ignoring them as zero vectors like a previous inductive scheme.

Stochastic Inference A naive transductive GEN generalizes to the unseen entities by simulating
them with the seen entities during meta-training. However, due to the intrinsic unreliability of few-shot
OOG link prediction with each entity having only few triplets, there could be high uncertainties on
the representations of unseen entities. To model such uncertainties, we stochastically embed the unseen
entities by learning the distribution over an unseen entity embedding ¢}. To this end, we first assume that
the true posterior distribution has a following form: p(¢; | S;, ¢). Since computation of the true posterior
distribution is intractable, we approximate the posterior using ¢ (¢} | Si, ¢) = N (¢} | pi, diag (02)), and
then compute the mean and variance via two individual transductive GEN layers: u; = gg, (S, ¢) and
o; = go, (Si, #), which modifies the GraphVAE [63] to our setting. The form to maximize the score
function s is then defined as follows:

(eh,ret, 0.0), ¢V~ q(é|S.9). (2.5)

s(en,r et)

IIMh

where we set the MC sample size to L = 1 during meta-training for computational efficiency. Also, we
perform MC approximation with a sufficiently large sample size (e.g. L = 10) at meta-test. We let the
approximate posterior same as the prior to make the consistent pipeline at training and test (see Sohn
et al. [64]). We also model the source of uncertainty on the output embedding of an unseen entity from
the transductive GEN layer via Monte Carlo dropout [65]. Our final GEN is then trained for both the

inductive and transductive steps with stochastic inference, as described in Algorithm 1.

Loss Function FEach task 7 that corresponds to a set of unseen entities £+ C £ consists of a support
set and a query set: 7 = {S,Q}. During training, we represent the embeddings of unseen entities
e} € Er using the support set S with GENs. After that, at the test time, we use the true labeled query
set Q; to optimize our GENs. Since every query set contains only positive triplets, we perform negative

sampling [23, 24] to update a meta-learner by allowing it to distinguish positive from negative triplets.



Specifically, we replace the entity of each triplet in the query set: Q; = {(e},r,e”)or(e™,r,e}) | e € £},
where e™ is the corrupted entity. In this way, Q; holds negative samples for an unseen entity e;. We

then use hinge loss to optimize our model as follows:

) — ot _ _
E(Qz) Z(eh,r,et)GQi Z(eh,r,et)7€Q; max{y 5 (eh’r’et)+s (eh7r7et) ’0}’ (26)

where v > 0 is a margin hyper-parameter, and s is a specific score function in Table 2.1. s* and s~
denote the scores of positive and negative triplets, respectively. Notably, for the drug-drug interaction
predict task, we follow Ryu et al. [31] to optimize our model, where binary cross-entropy loss is calculated

for each label, with a sigmoid output of the linear score function in Table 2.1.

Meta-Learning for Long-Tail Tasks Since many real-world graphs follow the long-tail distributions
(See Figure 2.2), it would be beneficial to transfer the knowledge from entities with many links to entities
with few links. To this end, we follow a transfer learning scheme similar to Wang et al. [66]. Specifically,
we start to learn the model with many shot cases, and then gradually decrease the number of shots to

few shot cases in a logarithmic scale (see Subsection 2.7.2 of the Appendix for details).

2.5 Experiment

We validate GENs on few-shot out-of-graph (OOG) link prediction for two different domains of
multi-relational graphs: knowledge graph (KG) completion and drug-drug interaction (DDI) prediction.

2.5.1 Knowledge Graph Completion

Datasets For knowledge graph completion datasets, we consider OOG entity prediction, whose goal
is to predict the other entity given an unseen entity and a relation. 1) FB15k-237. This dataset [67]
consists of 310,116 triplets from 14,541 entities and 237 relations, which is collected via crowdsourcing.
2) NELL-995. This dataset [30] consists of 154,213 triplets from 75,492 entities and 200 relations,
which is collected by a lifelong learning system [68]. Since existing benchmark datasets do not target
OOG link prediction, they assume that all entities given at the test time are seen during training.
Therefore, we modify these two datasets such that the triplets used for link prediction at the test time
contain at least one unseen entity (see Appendix 2.7.1 for the detailed dataset modification setup). 3)
WN18RR. This dataset [25] consists of 93,003 triplets from 40,943 entities and 11 relations extracted
from WordNet [21]. Particularly, this dataset includes the unseen entities in validation and test sets,
which overlaps with the 16 triplets to evaluate on a query set during meta-test. Therefore, we compare

models only on these 16 triplets. Detailed descriptions of each dataset are reported in the Appendix 2.7.1.

Baselines and our models 1) TransE, 2) RotatE. Translation distance based embedding methods
for multi-relational graphs [23, 69]. 3) DistMult, 4) ComplEx. Semantic matching based embedding
methods [24, 51]. 5) R-GCN. GNN-based method for modeling multi-relational data [3]. 6) MEAN,
7) LAN. GNN-based methods for a out-of-knowledge base task, which tackle unseen entities without
meta-learning [57, 28]. 8) GMatching, 9) MetaR, 10) FSRL. Link prediction methods for unseen
relations of seen entities, which we further train with our meta-learning framework [52, 53, 54]. 11) I-
GEN. An inductive version of our GEN which is meta-learned to embed an unseen entity. 12) T-GEN.



Table 2.2: The results of 1- and 3-shot OOG link prediction on FB15k-237 and NELL-995. * means training a
model within our meta-learning framework. Bold numbers denote the best results.

FB15k-237 NELL-995
Model MRR  Ha@l He3 H@l0 MRR  Hel H@3  Helo0
1§ 38 1S 38 1S 3S 1S 3S 1S 3S 1S 3S 1S 3S 1S 38
TransE [23] 053 .048 .034 .026 .050 .050 .082 .077 .009 .010 .002 .002 .007 .008 .020 .021
Seen to Seen  DistMult [24] ~ .017 .014 .010 .009 .019 .014 .020 .022 .017 .016 .009 .008 .017 .017 .020 .028
R-GCN [3] 008 .006 .004 .003 .007 .005 .011 .010 .004 .004 .001 .001 .003 .003 .007 .006
TransE [23] 071 120 .023 .057 .086 .137 .159 .238 .071 .118 .037 .061 .079 .132 .129 .223
Seen to DistMult [24] ~ .059 .094 .034 .053 .064 .101 .103 .172 .075 .134 .045 .083 .083 .143 .131 .233
(with Supwort Sot) CompIEX [51] .062 104 .037 .058 .067 .114 .110 .188 .069 .124 .045 .077 .071 .134 .117 .213
RotatE [69] 063 115 .039 .069 .071 .131 .105 .200 .054 .112 .028 .060 .064 .131 .104 .209
R-GCN [3] 099 140 .056 082 .104 .154 .181 .255 .112 .199 .074 .141 .119 219 .184 .307
MEAN [57] 105 114 .052 .058 .109 .119 .207 .217 .158 .180 .107 .124 .173 .189 .263 .296
LAN [28] 112112 .057 055 .118 119 214 218 159 172 .111 .116 .172 .181 .255 .286
Seen to Unseen GMatching [52] .093 .105 .061 .061 .100 .112 .146 .183 .060 .079 .051 .059 .063 .097 .076 .106
MetaR [53] 076 .084 .043 .041 .084 .093 .133 .164 .092 .096 .059 .060 .107 .115 .154 .166
FSRL [54] 097 .090 .065 .058 .104 .096 .156 .150 .067 .085 .054 .064 .068 .095 .091 .126
GMatching* [52] .224 238 .157 .168 249 .263 .352 .372 .120 .139 .074 .092 .136 .151 .215 .235
MetaR* [53] 204 316 223 235 318 341 441 492 177 213 .104 .145 217 247 315 352
Ours FSRL* [54] 255 259 187 .186 .279 .281 .391 .404 .130 .161 .075 .106 .145 .181 .253 .275
L-GEN 348 367 270 281 382 407 504 537 278 285 206 214 313 322 416 .426
T-GEN .367 .382 .282 .289 .410 .430 .530 .565 .282 .201 .209 .217 .320 .333 .421 .433

A transductive version of GEN, with additional stochastic transductive GNN layers to predict the link

between unseen entities. We report detailed descriptions in the Appendix 2.7.1.

Implementation Details 1) Seen to Seen. This scheme only trains seen-to-seen triplets from
a meta-training set, without including unseen entities on a meta-test set. 2) Seen to Seen (with
Support Set). Following Xiong et al. [52], this scheme trains seen-to-seen link prediction baselines
including support triplets of meta-validation and meta-test sets with unseen entities, since baselines
are unable to solve the completely unseen entities at the test time. 3) Seen to Unseen. This scheme
tackles the link prediction for unseen entities without meta-learning [57, 28], or link prediction for unseen
relations of seen entities with meta-learning [52, 53, 54]. 4) Ours. Our meta-learning framework trains
models only with a meta-training set, where we generate OOG entities using the episodic training [41].
For both I-GEN and T-GEN, we use DistMult for the initial embeddings of entities and relations, and

the score function. We report detailed experimental setups in the Appendix 2.7.1.

Evaluation Metrics For evaluation, we use the ranking procedure by Bordes et al. [70]. For a triplet
with an unseen head entity, we replace its corresponding tail entity with candidate entities from the
dictionary to construct corrupted triplets. Then, we rank all the triplets, including the correct and
corrupted ones by a scoring measure, to obtain a rank of the correct triplet. We provide the results using
mean reciprocal rank (MRR) and Hits at n (H@n). Moreover, as done in previous works [23, 3], we
measure the ranks in a filtered setting, where we do not consider triplets that appeared in either training,
validation, or test sets. Finally, for a fair evaluation [71], we validate our models on different evaluation

protocols, across which performances of our models remain consistent.

Main Results Table 2.2 shows that our I- and T-GEN outperform all baselines by impressive margins.
Baseline models work poorly on emerging entities, even when they have seen the entities during training
(with Support Set in Table 2.2). However, in our meta-learning framework, our GENs show superior

performances over the baselines, even with a 1-shot setting. Moreover, while unseen relation prediction
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Figure 2.4: The results of seen to unseen (S/U), unseen to unseen (U/U) and Figure 2.5: 3-shot OOG link
total link prediction of I- and T-GEN with deterministic (D) and stochastic prediction results, reported with
(S) modeling on KG completion and DDI prediction tasks. MRR over training time.

baselines achieve extremely low performances compared to our GENs, we train baselines in our meta-
learning framework and obtain significantly improved results. However, their performances are still
substantially lower than GENs, which shows that GEN’s dedicated embedding layers for seen-to-unseen

and unseen-to-unseen link prediction are more effective for OOG link prediction.

Analysis on Seen to Unseen and Unseen to Unseen We observe that T-GEN outperforms I-GEN
on both datasets by all evaluation metrics in Table 2.2. To see where the performance improvement
comes from, we further examine the link prediction results for seen-to-unseen and unseen-to-unseen
cases. Figure 2.4 shows that T-GEN obtains significant performance gain on the unseen-to-unseen link
prediction problems, whereas I-GEN mostly cannot handle the unseen-to-unseen case as it does not
consider the relationships between unseen nodes. Further, T-GEN with stochastic inference obtains
even higher unseen-to-unseen link prediction performances, over deterministic T-GEN, which shows that

modeling uncertainty in the latent embedding space of the unseen entities is effective.

Efficiency of Meta-Learning To demonstrate the efficiency of our meta-learning framework that
embeds unseen entities without additional re-training, we compare GENs against models trained from
scratch including unseen entities, for 3-shot OOG link prediction on FB15k-237. Figure 2.5 shows that
GENs largely outperform baselines with a fraction of time required to embed unseen entities. Also,
MetaR trained in our meta-learning framework is slower since it uses additional gradient information.

This shows that GENs are efficient and generalize well to unseen entities with effective GNN layers.

o 06 —tt 3 < =] (Training) 1-Shot (Training) 3-Shot
'é)' 0.4 Test MRR H@1 H@10 MRR H@1 HQ@10
o 0.2 wi—n - - 1-S 367 .282 .530 .346 .262 507
T —s— MEAN —e— |-GEN 3-S 377 288 .b56 382  .289  .565
0.0 RGCN —— T-GEN 5-S .362 .266 .562 370 .269 .570
135 30 R-S 375 287 .548 373 282 547

10 20
# of shots

Figure 2.6: Diverse shots link prediction results Table 2.3: Cross-shot learning results of T-GEN on KG
with baselines and GENs on KG completion tasks. completion tasks, by varying training and test shots.

Robustness on Many Shots While we mostly target a long-tail graph with the majority of entities
having few links, our method works well on many-shot cases as well (Figure 2.6), on which GENs still

largely outperform the baselines, even though R-GCN sees the unseen entities during training.

Robustness on Varying Shots We experiment our GEN with varying the number of shots by consid-
ering 1-, 3-, 5-, and random-shot (R-S: between 1 and 5) during meta-training and meta-test. Table 2.3
shows that differences in the number of shots used for training and test does not significantly affect the
performance, which demonstrates the robustness of GENs on varying shots at test time. Moreover, our

model trained on a 1-shot setting obtains even better performance on a 3-shot setting.
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WN18RR Seen to Unseen Unseen to Unseen

Model MRR H@1 H10 Model SI MRR H@3 MRR H@3
T-GEN 379 424 .185 187

DistMult [24] .000 .000 .000 ¢ 0 37 —
TransE [23] 011 000 031 w/o transfer strategy O 374 414 .183 175
" w/o pretrain O .361 .400 .168 .164
MetaR* [53] 066 063 063 w/o stochastic inference X  .384  .425  .153 158
I-GEN 125 125 125 w/o transductive scheme X  .366 .403 .000 .000

Table 2.4: 1-shot OOG link prediction re- Table 2.5: Ablation study of T-GEN on FB15k-237. SI means
sults on WN18RR for unseen entities. whether to apply stochastic inference.

Results on Unseen Entities for WN18RR As previously mentioned, WN18RR dataset includes
a small number of unseen entities in the test set. Therefore, we validate GEN only against test triplets
that contain unseen entities in the test set. Table 2.4 shows that our GEN can improve the performance

of out-of-graph link prediction even on this benchmark dataset.

Ablation Study We conduct an ablation study of the T-GEN on seen-to-unseen and unseen-to-unseen
cases. Table 2.5 shows that using stochastic inference on the transductive layer helps significantly improve
the unseen-to-unseen link prediction performance. Moreover, the meta-learning strategy of learning on
entities with many links and then progressing to entities with few links performs well. Finally, we observe

that using pre-trained embedding of a seen graph leads to better performance.

Qualitative Results We visualize the output representations of unseen entities with seen entities.
Figure 2.1 (Right) shows that the embeddings of unseen entities are well aligned with the seen entities.

Regarding concrete examples of the link prediction on NELL-995, see Subsection 2.7.4 of the Appendix.

2.5.2 Drug-Drug Interaction

Datasets We further validate our GENs on the OOG relation prediction task using two public Drug-
Drug Interaction (DDI) datasets. 1) DeepDDI. This dataset [31] consists of 1,861 drugs (entities) and
222,127 drug-drug pairs (triplets) from DrugBank [72], where 113 different relation types are used as
labels. 2) BIOSNAP-sub. This dataset [32, 59] consists of 645 drugs (entities) and 46,221 drug-drug
pairs (triplets), where 200 different relation types are used as labels. Similar to the experiments on
OOG knowledge graph completion tasks, we modify drug-drug interaction datasets for the OOG link
prediction task. We report the detailed setup in Appendix 2.7.1.

Baselines and our models 1) MLP. Feed-forward neural network used in the DDI task [31]. 2)
MPNN. Graph Neural Network that uses edge-conditioned convolution operations [38]. 3) R-GCN.
The same model used in the entity prediction on the KG completion task [3]. 4) I-GEN. Inductive
GEN, which only uses a feature representation of an entity ey, instead of a relation-entity pair (ry,ey).
This is because the relation is the prediction target for the DDI tasks. 5) T-GEN. Transductive GEN

with an additional transductive stochastic layer for unseen-to-unseen relation prediction.

Implementation Details For both I-GEN and T-GEN, we use MPNN for the initial embeddings of
entities with a linear score function in Table 2.1. To train baselines, we use the Seen to Seen (with Support
Set) scheme as in the KG completion task, where support triplets of meta-validation and meta-test sets

are included during training. We report detailed experimental settings in the Appendix 2.7.1.
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Evaluation Metrics For evaluation, we use the area under the receiver operating characteristic curve

(ROC), the area under the precision-recall curve (PR), and the classification accuracy (Acc).

Main Results Table 2.6 shows the Drug-Drug Interaction Table 2.6: Results of 3-shot QOG relation
(DDI) prediction performances of the baselines and GENs. prediction on DeepDDI and BIOSNAP-sub.
Note that the performances on BIOSNAP-sub are compara- DeepDDI ~ BIOSNAP-sub

tively lower in comparison to DeepDDI, due to the use of the  Model ROC PR Acc ROC PR Acc

preprocessed input features, as suggested by Ryu et al. [31]. MLP 928 476 528 .597 .034 .049

Similar to the KG completion tasks, both I- and T-GEN out- ~ MPNN [38] 939 .478 .681 .597 .026 .067

perform all baselines by impressive margins in all evaluation R-GCN [3] 928 .397 .640 594 .041 .051

metrics. These results demonstrate that our GENs can be I-GEN 946 .681 .807 .608 .062 .073
T-GEN .954 .708 .815 .625 .067 .089

easily extended to OOG link prediction for other real-world

applications of multi-relational graphs.

Analysis on Seen to Unseen and Unseen to Unseen We also compare the link prediction per-
formance for both seen-to-unseen and unseen-to-unseen cases on two DDI datasets. The rightmost two
columns of Figure 2.4 show that T-GEN obtains superior performance over I-GEN on unseen-to-unseen

link prediction cases, especially when utilizing stochastic modeling schemes.

2.6 Conclusion

We formally defined a realistic problem of the few-shot out-of-graph (OOG) link prediction task,
which considers link prediction not only between seen to unseen (or emerging) entities but also between
unseen entities for multi-relational graphs, where each entity comes with only few associative triplets to
train. To this end, we proposed a novel meta-learning framework for OOG link prediction, which we
refer to as Graph Extrapolation Network (GEN). Under the defined K-shot learning setting, GENs learn
to extrapolate the knowledge of a given graph to unseen entities, with a stochastic transductive layer
to further propagate the knowledge between the unseen entities and to model uncertainty in the link
prediction. We validated the OOG link prediction performance of GENs on five benchmark datasets, on

which proposed models largely outperformed the relevant baselines.

2.7 Appendix

2.7.1 Experimental Setup

Datasets Since existing benchmark datasets assume that all entities given at the test time are seen
during training, we modify the datasets to formulate the Out-of-Graph (OOG) link prediction task,

where completely unseen entities appear at the test time. Dataset modification processes are as follows:

o First, we randomly sample the unseen entities, which have a relatively small amount of triplets on

each dataset. We then divide the sampled unseen entities into meta-training/validation/test sets.

e Second, we select the triplets which are used for constructing an In-Graph, where the head and tail

entities of every triplet in the In-Graph consist of only seen entities, not any unseen entity.

o Finally, we match the unseen entities in the meta-sets with their triplets. Each triplet in meta-sets

contains at least one unseen entity. Also, every triplet in meta-sets is not included in the In-Graph.
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Figure 2.7: Distribution of entity occurrences on FB15k-237, NELL-995, DeepDDI, and BIOSNAP-sub.

1) FB15k-237. This dataset [67] consists of 14,541 entities and 237 relations, which is collected
from crowdsourcing and used for the knowledge graph completion task. We randomly sample the 5,000
entities from 10,938 entities, which have associated triplets between 10 and 100. Also, we split the entities
such that we have 2,500/1,000/1,500 unseen (Out-of-Graph) entities and 72,065/6,246,/9,867 associated
triplets containing unseen entities for meta-training/validation/test. The remaining triplets that do not
hold an unseen entity are used for constructing an In-Graph. As shown in Figure 2.7, this dataset follows
a highly long-tailed distribution.

2) NELL-995. This dataset [30] consists of 75,492 entities and 200 relations, which is collected by
a lifelong learning system [68] and used for the knowledge graph completion task. We randomly sample
the 3,000 entities from 5,694 entities, which have associated triplets between 7 and 100. Also, we split
the entities such that we have 1,500/600/900 unseen (Out-of-Graph) entities and 22,345/3,676/5,852
associated triplets containing unseen entities for meta-training/validation/test. The remaining triplets
that do not hold an unseen entity are used for constructing an In-Graph. As shown in Figure 2.7, this
dataset follows a highly long-tailed distribution.

3) WN18RR. This dataset [25] consists of 93,003 triplets from 40,943 entities and 11 relations,
which is collected from WordNet [21] and used for the knowledge graph completion task. Particularly,
this dataset essentially contains 198 unseen entities over 210 triplets on the validation set and 209 unseen
entities over 210 triplets on the test set.

Note that, to construct a support set for training and a query set for test in our meta-learning
framework, we need at least two triplets for each unseen entity. Therefore, even in the WN18RR, that
contains an appropriate number of unseen entities, the amount of triplets to evaluate on a query set is
too small (only 16 triplets to test, which is 0.02 % compared to the number of all triplets), in which we
consider validation and test sets together since test set only has 3 triplets to test. In other words, most
unseen entities on WN18RR have only one triplet, which reflects the long-tail distribution of real-world
graphs for emerging entities. Thus, we compare models only on these 16 triplets during meta-test.

To use the meta-learning framework from the conventional learning scheme, we randomly sample
the 3,000 unseen entities from 4,478 entities, which have associated triplets between 8 and 100. After
that, we use the sampled 3,000 unseen entities for meta-training which has 36,166 overlapped triplets.
The remaining triplets that do not hold an unseen entity are used for constructing an In-Graph.

4) DeepDDI. This dataset [31] consists of 1,861 entities and 113 relations, which is collected
from the DrugBank database [72] and used for the drug-drug interaction prediction task. We randomly
sample the 500 entities from 1,039 entities, which have associated triplets between 7 and 300. Also, we
split the entities such that we have 250/100/150 unseen (Out-of-Graph) entities and 27,726/1,171/2,160
associated triplets containing unseen entities for meta-training/validation/test. The remaining triplets
that do not hold an unseen entity are used for constructing an In-Graph.

5) BIOSNAP-sub. This dataset [59] consists of 637 entities and 200 relations, which is col-
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lected from the BIOSNAP [32], further modified by Ma et al. [59] for efficiency and used for the
drug-drug interaction prediction task. We randomly sample the 150 entities from 507 entities, which
have associated triplets between 7 and 300. Also, we split the entities such that we have 75/30/45
unseen (Out-of-Graph) entities and 7,140/333/643 associated triplets containing unseen entities for
meta-training /validation/test. The remaining triplets that do not hold an unseen entity are used for

constructing an In-Graph.

Baselines and Our Models for Knowledge Graph Completion We describe the baseline models
and our graph extrapolation networks for few-shot out-of-graph entity prediction on the knowledge graph
(KG) completion task.

1) TransE. This is a translation embedding model for relational data by Bordes et al. [23]. It
represents both entities and relations as vectors in the same space, where the relation in a triplet is used
as a translation operation between the head and the tail entity.

2) RotatE. This model represents entities as complex vectors and relations as rotations in a complex
vector space [69], which extends TransE with a complex operation.

3) DistMult. This model represents the relationship between the head and the tail entity in a
bi-linear formulation, which can capture pairwise interaction between entities [24].

4) ComplEx. This model extends the DistMult by introducing embeddings on a complex space to
consider asymmetric relations, where scores are measured based on the order of the entities [51].

5) R-GCN. This is a GNN-based method for modeling relational data, which extends the graph
convolutional network to consider multi-relational structures, by Schlichtkrull et al. [3].

6) MEAN. This model computes the embedding of entities by GNN-based neighboring aggregation
scheme, where they only train for seen-to-seen link prediction, with the hope that the model generalizes
on seen-to-unseen cases, without meta-learning [57].

7) LAN. This model extends the MEAN [57] to consider relations with neighboring information by
utilizing attention mechanisms, without meta-learning [28].

8) GMatching. This model tackles the link prediction on unseen relations of seen entities by
searching for the closest entity pair with meta-learning [52]. We further extend it in our meta-learning
framework such that it can handle unseen entities.

9) MetaR. This model tackles the link prediction on unseen relations of seen entities by generating
the embeddings of unseen relations with gradient information over the meta-learning framework [53].
We further extend it in our meta-learning framework such that it can handle unseen entities.

10) FSRL. This model extends the GMatching [52] to tackle the link prediction on unseen relations
of seen entities by utilizing attention mechanisms with meta-learning [54]. We further extend it in our
meta-learning framework such that it can handle unseen entities.

11) I-GEN. This is an inductive version of our Graph Extrapolation Network (GEN), that is
meta-learned to embed an unseen entity to infer hidden links between seen and unseen entities.

12) T-GEN. This is a transductive version of GEN, with additional stochastic transductive GNN
layers on top of the I-GEN, that is meta-learned to predict the links between unseen entities as well as

between seen and unseen entities.
Baselines and Our Models for Drug-Drug Interaction We describe the baseline models and our

graph extrapolation networks for few-shot out-of-graph relation prediction on the drug-drug interaction
(DDI) task.
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1) MLP. This is a feed-forward neural network model used for DeepDDI [31] dataset. It classifies
the relation of two drugs using their pairwise features.

2) MPNN. This is a GNN-based model that uses features for relation types with edge-conditioned
convolution operations [38].

3) R-GCN. This is the same model used in the entity prediction on knowledge graph completion
tasks [3], applied to drug-drug interaction tasks.

4) I-GEN. This is an inductive GEN, which only uses the feature representation of the entity
er when aggregating neighboring information, instead of using the concatenated representation of the
relation-entity pair (rg, ex) like KG completion tasks. This is because the relation is the prediction target
for the DDI tasks.

5) T-GEN. This is a transductive version of GEN, with additional transductive stochastic layers

on top of the I-GEN, for unseen-to-unseen relation prediction as well as seen-to-unseen prediction.

Common Implementation Details For every dataset, we set the embedding dimension for both
entity and relation as 100. Also, we set the embedding of unseen entities as the zero vector. Furthermore,
since we consider a highly multi-relational graph, we use the basis decomposition on weight matrices W,
and W/, to prevent the excessive increase in the model size, which is proposed in Schlichtkrull et al.
[3]: W, = 25:1 ar, Vp, where B is a number of basis, a,, is a coefficient of each relation r € R, and
V;, € R4¥24 ig a shared representation of various relations. For all experiments, we use PyTorch [73] and
PyTorch geometric [74] frameworks, and train on a single Titan XP or a single GeForce RTX 2080 Ti
GPU. We optimize the proposed GENs using Adam [75].

Implementation Details on Knowledge Graph Completion For both I-GEN and T-GEN, we
search for the learning rate « in the range of {3 x 107*,1 x 107%,3 x 107®}, margin v in the range of
{0.25,0.5, 1}, and dropout ratio at every GEN layer in the range of {0.1,0.2,0.3}. As a score function, we
use DistMult [24] at the end of our GENs. For all datasets, we consider the inverse relation as suggested
by several recent works for multi-relational graphs [16, 3, 39], since directed relation information flows
along with both directions. Finally, to select the best model, we use the mean reciprocal rank (MRR)
as an evaluation metric.

For FB15k-237 dataset, we set the o = 1 x 1072 and v = 1 with dropout rate 0.3. Also, we set the
number of basis units B = 100 for the basis decomposition on each GEN layer, and sample 32 negative
triplets for each positive triplet in both I-GEN and T-GEN. At every episodic training, we randomly
sample 500 unseen entities in the meta-training set. Also, we validate and test models using all unseen
entities in the meta-validation and meta-test sets, respectively.

For NELL-995 dataset, we use the same settings with FB15k-237, except that we sample 64 negative
triplets for each positive triplet.

For WN18RR dataset, we use the same settings with FB15k-237, except that we randomly sample

100 unseen entities for episodic training during meta-training.

Implementation Details on Drug-Drug Interaction For both I-GEN and T-GEN, we search for
the learning rate « in the range of {5 x 10,1 x 1072,5 x 1073}, and dropout ratio at every GEN layer
in the range of {0.1,0.2,0.3}. As a score function, we use two linear layers with ReLU as an activation
function at the end of the first layer. For all datasets, we consider the inverse relation as in the case

of the knowledge graph completion task. Finally, to select the best model, we use the area under the
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Table 2.7: The naive and meta-learning strategy results of 1- and 3-shot OOG link prediction on FB15k-237
and NELI-995. Bold numbers denote the best results on I-GEN and T-GEN;, respectively.

FB15k-237 NELL-995
Model MRR H@1l H@3 H@10 MRR H@1l H@3 H@10
- 3S 1S 3S 1S 3S 1S 3S 1S 3S 1S 3S 1-S 3S 1S 3-8
I-GEN .348 .367 .270 .281 .382 .407 .504 .537 .278 .285 .206 .214 .313 .322 .416 .426
w/o transfer strategy .344 .362 .264 .275 .379 .401 .503 .527 .272 .277 .198 .206 .309 .314 .413 .414
T-GEN .367 .382 .282 .289 .410 .430 .530 .565 .282 .291 .209 .217 .320 .333 .421 .433

w/o transfer strategy .362 .381 .278 .291 .400 .422 .527 .563 .273 .290 .198 .217 .310 .326 .412 .431

receiver operating characteristic curve (ROC) as an evaluation metric.

For DeepDDI dataset, we set the o = 1 x 1073 with dropout rate 0.3 for both I-GEN and T-GEN.
Also, we set the number of basis units B = 200 for the basis decomposition. At every episodic training,
we randomly sample 80 unseen entities in the meta-training set. Also, we validate and test models using
all unseen entities in the meta-validation and meta-test sets, respectively.

For BIOSNAP-sub dataset, we set the o = 1 x 1073 with dropout rate 0.1 for I-GEN and 0.2 for
T-GEN. Also, we set the number of basis units B = 200 for the basis decomposition. At every episodic
training, we randomly sample 50 unseen entities in the meta-training set. Also, we validate and test

models using all unseen entities in the meta-validation and meta-test sets, respectively.

2.7.2 Meta-learning for Long-tail Tasks

Implementation Details Many real-world graphs follow the long-tail distribution, where few entities
have many links while the majority have few links (See Figure 2.7). For such an imbalanced graph, it
would be beneficial to transfer the knowledge from entities with many links to entities with few links.
To this end, we transfer the meta-knowledge on data-rich entities to data-poor entities by simulating the
data-rich circumstance under the meta-learning framework, motivated by Wang et al. [66]. Specifically,
we first meta-train our GENs with many shot cases (e.g. K = 10), and then gradually decrease the
number of shots to few shots cases (e.g. K =1 or 3) in logarithmic scale: K; = |log,(max-iteration/7) |+
K, where K is the training shot size at the current iteration number ¢, and K is the test shot size. In
this way, GENs learn to represent the unseen entities using data-rich instances, and entities with few
links regimes may experience like data-rich instances, with the model parameters trained on the entities

with many links and tuned on the entities with few links.

More Ablation Studies Since knowledge graphs follow a highly long-tailed distribution (See Fig-
ure 2.7), we provide the more experimental results about transfer strategies on knowledge graph com-
pletion tasks, to demonstrate the effectiveness of the proposed meta-learning scheme on a long-tail task.
Table 2.7 shows that the transfer strategy outperforms naive I-GEN and T-GEN on all evaluation met-
rics, except for only two HQ1 cases of T-GEN on 3-shot OOG link prediction settings. We conjecture
that the effectiveness of the meta-learning scheme is especially larger on 1-shot cases, where data is

extremely poor, rather than the 3-shot cases.

2.7.3 Additional Experimental Results

Effect of Score Function While we performed all experiments with DistMult score function in

the main paper, we further evaluate proposed GENs on the few-shot OOG link prediction task with
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Table 2.8: Total, seen-to-unseen and unseen-to-unseen results of 1- and 3-shot OOG link prediction on FB15k-
237. * means training a model within our meta-learning framework. Bold numbers denote the best results.

Total Seen to Unseen Unseen to Unseen
Model MRR Ha1 H@3 H@10 MRR H@10 MRR H@10
- 3Ss 1S 3S 1S 3S 1S 3S 1S 3S 1S 3S 1S 3S 1S 3S
TransE (23] .053 .048 .034 .026 .050 .050 .082 .077 .055 .050 .086 .081 .016 .014 .029 .025
Seen to Seen  DistMult [24] .017 .014 .010 .009 .019 .014 .029 .022 .018 .015 .029 .022 .011 .007 .025 .015
R-GCN (3] .008 .006 .004 .003 .007 .005 .011 .010 .003 .003 .005 .006 .076 .050 .101 .070
MEAN [57] 105 .114 .052 .058 .109 .119 .207 .217 .112 .121 .221 .231 .000 .000 .000 .000
Seen to Unseen LAN [28] 112 .112 .057 .055 .118 .119 .214 .218 .119 .119 .228 .232 .000 .000 .000 .000

GMatching* [52] 224 238 157 .168 .249 .263 .352 .372 .239 .254 .375 .400 .000 .000 .000 .000

I-GEN (Random) .309 .319 .236 240 .337 .352 .455 .477 .329 .339 .485 .508 .000 .000 .000 .000
I-GEN (DistMult) .348 .367 .270 .281 .382 .407 .504 .537 .371 .391 .537 .571 .000 .000 .000 .000
I-GEN (TransE) 345 371 259 .275 385 416 .515 .559 .367 .395 .548 .594 .000 .000 .000 .000

Ours
T-GEN (Random) .349 .360 .268 .273 .385 .398 .508 .532 .361 .373 .529 .554 .168 .164 .185 .192
T-GEN (DistMult) .367 .382 .282 .289 .410 .430 .530 .565 .379 .396 .550 .588 .185 .175 .220 .201
T-GEN (TransE) 356 .374 267 282 403 425 .531 .552 .368 .387 .552 .572 .175 .175 .205 .235
LAN (Seen to Unseen) TransE (Seen to Seen) QOurs
Seen Seen Seen
e Unseen ; ’ » Unseen e Unseen
) .
° ,ri

»
s
L

Figure 2.8: T-SNE visualization of the learned embeddings for seen and unseen entities.

TransE [23], which is another popular score function. We use the same settings as with DistMult [24]
experiments, except that we use TransE for the initial embedding and the score measurement. Table 2.8
shows that our I-GEN and T-GEN with TransE score function also outperform all baselines by impres-
sive margins, where they perform comparably to DistMult. These results suggest that our model works

regardless of the score function.

Effect of Initialization We further demonstrate the meta-training effectiveness of our meta-learner,
by randomly initializing an In-Graph, in which GEN extrapolates knowledge for an unseen entity without
using the pre-trained embeddings of entity and relation. Table 2.8 shows that, while results with the
random initialization are lower than pre-trained models, GENs are still powerful on the unseen entity,
compared to the baselines. These results suggest that GENs trained under the meta-learning framework
can be applied to more difficult situations, as pre-trained In-Graph might not be available for the few-shot

OOG link prediction in real-world scenarios.

Effect of Transductive Scheme As shown in Table 2.8, I-GEN achieves comparable performances
with T-GEN on seen-to-unseen link prediction. However, since the inductive method can not handle
two unseen entities at once, this scheme does not solve the unseen-to-unseen link prediction for two
emerging entities. However, unseen entities do not emerge one by one, but may emerge simultaneously
as a set in real-world settings, such that we consider a transductive scheme to deal with this challenging
circumstance. Table 2.8 shows that, while the unseen-to-unseen link prediction performances of T-GEN
is far from the seen-to-unseen performances, T-GEN can infer hidden relationships among unseen entities

by transductive learning and inference.
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Table 2.9: Examples of OOG link prediction on NELL-995. S: seen, U: unseen, O: correct prediction, X:
incorrect prediction, (H): head entity, (R): relation, (T): tail entity, and _: unseen entity.

Type I-GEN T-GEN Triplet

(H) musician_vivaldi,

S-U 0] O

S-U 0 O

journalist_maureen_dowd,
works_for,
company_york_times

person_monroe,
person_born_in_location,
county_york_city

S-U 0] O

ceo_stan_o_neal,
works_for,
retailstore_merrill

S-U 0] O

S-U 0 O invertebrate_feed_on_food ,

agricultural_product_wood

U-U X (@) person_leads_organization,

automobilemaker_toyota

mlauthor_web_search,
agent_competes_with_agent,
website_altavista_com

chemical_chromium,
chemical_is_type_of_chemical,
chemical_heavy_metals

U-U X (0]

food_meals,
food_decreases_the_risk_of_disease,
disease_heart_disease

U-U X X

)
)
)
)
)
)
)
)
)
)
)
)
)
)
) insect_insects,
)
)
)
)
)
)
)
)
)
)
)
)
)
)

More Visualization The experimental results on multiple datasets show that our GENs significantly
outperform baselines, even when they are retrained with the unseen entities. To see why does GENs
generalize well to the unseen entities, we visualize the output embeddings of seen-to-unseen baseline
(LAN), seen-to-seen baseline (TransE) which is retrained from scratch, and T-GEN. As shown in Fig-
ure 2.8, since GEN embeds the unseen entities on the manifold of seen entities, it achieves better results

on few-shot OOG link prediction tasks than baseline models.

2.7.4 Examples

Table 2.9 shows some concrete examples of the OOG link prediction result from NELL-995 dataset,

where the 7 to 9 rows show that our T-GEN correctly performs link prediction for two unseen entities.

2.7.5 Discussion on Inductive and Transductive Schemes

In this subsection, we describe in detail about task-level transductive inference and meta-level induc-
tive inference for the proposed transductive GEN (T-GEN) model. Since transductive GEN requires to

predict links between two unseen test entities which is impossible to handle using conventional link pre-
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diction approaches, the problem is indeed transductive. Furthermore, the inference of unseen-to-unseen
links could be also considered as inductive at meta-level, where we inductively learn the parameters
of GEN across the batch of tasks. Thus, we are tackling transductive inference problems by consid-
ering them as meta-level inductive problems, but the intrinsic unseen-to-unseen link prediction is still
transductive. To illustrate more concretely, different sets of unseen entities make mutually inconsis-
tent predictions, which is caused by transduction. Other transductive meta-learning approaches such as
TPN [76] and EGNN [77] tackle the problem with similar high-level ideas, where they classify unseen

classes by leveraging both information on labeled and unlabeled nodes.
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This Chapter is based on the work that is published at ICLR 2021 [78].

Chapter 3. Accurate Learning of Entire Graph Representations

How do we obtain a compact representation of an entire graph, often having a large number of
nodes, while expressively distinguishing two different graphs? We summarize the formulation of

our graph polling scheme, and the theoretical and empirical results that we obtain, in below.

Graph neural networks have been widely used on modeling graph data, achieving impressive re-
sults on node classification and link prediction tasks. Yet, obtaining an accurate representation
for a graph further requires a pooling function that maps a set of node representations into a
compact form. A simple sum or average over all node representations considers all node features
equally without consideration of their task relevance, and any structural dependencies among
them. Recently proposed hierarchical graph pooling methods, on the other hand, may yield the
same representation for two different graphs that are distinguished by the Weisfeiler-Lehman test,
as they suboptimally preserve information from the node features. To tackle these limitations of
existing graph pooling methods, we first formulate the graph pooling problem as a multiset encod-
ing problem with auxiliary information about the graph structure, and propose a Graph Multiset
Transformer (GMT) which is a multi-head attention based global pooling layer that captures
the interaction between nodes according to their structural dependencies. We show that GMT
satisfies both injectiveness and permutation invariance, such that it is at most as powerful as the
Weisfeiler-Lehman graph isomorphism test. Moreover, our methods can be easily extended to
the previous node clustering approaches for hierarchical graph pooling. Our experimental results
show that GMT significantly outperforms state-of-the-art graph pooling methods on graph clas-

sification benchmarks with high memory and time efficiency, and obtains even larger performance

gain on graph reconstruction and generation tasks.

3.1 Introduction

Graph neural networks (GNNs) [4, 5], which work with graph structured data, have recently at-
tracted considerable attention, as they can learn expressive representations for various graph-related
tasks such as node classification, link prediction, and graph classification. While the majority of the
existing works on GNNs focus on the message passing strategies for neighborhood aggregation [6, 35],
which aims to encode the nodes in a graph accurately, graph pooling [79, 80] that maps the set of nodes
into a compact representation is crucial in capturing a meaningful structure of an entire graph.

As a simplest approach for graph pooling, we can average or sum all node features in the given
graph [81, 10] (Figure 3.1 (B)). However, since such simple aggregation schemes treat all nodes equally
without considering their relative importance on the given tasks, they can not generate a meaningful
graph representation in a task-specific manner. Their flat architecture designs also restrict their capa-
bility toward the hierarchical pooling or graph compression into few nodes. To tackle these limitations,
several differentiable pooling operations have been proposed to condense the given graph. There are two
dominant approaches to pooling a graph. Node drop methods [79, 82] (Figure 3.1 (C)) obtain a score

of each node using information from graph convolutional layers, and then drop unnecessary nodes with
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Figure 3.1: Concepts (Left): Conceptual comparison of graph pooling methods. Grey box indicates the
readout layer, which is compatible with our method. Also, green check icon indicates the model that can be
as powerful as the WL test. (Right): An illustration of set, multiset, and graph multiset encoding for graph
representation.

lower scores at each pooling step. Node clustering methods [80, 83] (Figure 3.1 (D)), on the other hand,
cluster similar nodes into a single node by exploiting their hierarchical structure.

Both graph pooling approaches have obvious drawbacks. First, node drop methods unnecessarily
drop some nodes at every pooling step, leading to information loss on those discarded nodes. On the
other hand, node clustering methods compute the dense cluster assignment matrix with an adjacency
matrix. This prevents them from exploiting sparsity in the graph topology, leading to excessively high
computational complexity [82]. Furthermore, to accurately represent the graph, the GNNs should obtain
a representation that is as powerful as the Weisfeiler-Lehman (WL) graph isomorphism test [12], such that
it can map two different graphs onto two distinct embeddings. While recent message-passing operations
satisfy this constraint [84, 10], most deep graph pooling works [80, 82, 85, 83] overlook graph isomorphism
except for a few [79].

To obtain accurate representations of graphs, we need a graph pooling function that is as powerful
as the WL test in distinguishing two different graphs. To this end, we first focus on that the graph rep-
resentation learning can be regarded as a multiset encoding problem, which allows for possibly repeating
elements, since a graph may have redundant node representations (See Figure 3.1, right). However, since
a graph is more than a multiset due to its structural constraint, we further define the problem as a graph
multiset encoding, whose goal is to encode two different graphs, given as multisets of node features with
auxiliary structural dependencies among them (See Figure 3.1, right), into two unique embeddings. We
tackle this problem by utilizing a graph-structured attention unit. By leveraging this unit as a funda-
mental building block, we propose the Graph Multiset Transformer (GMT), a pooling mechanism that
condenses the given graph into the set of representative nodes, and then further encodes relationships
between them to enhance the representation power of a graph. We theoretically analyze the connection
between our pooling operations and WL test, and further show that our graph multiset pooling function
can be easily extended to node clustering methods.

We then experimentally validate the graph classification performance of GMT on 10 benchmark
datasets from biochemical and social domains, on which it significantly outperforms existing methods on
most of them. However, since graph classification tasks only require discriminative information, to better
quantify the amount of information about the graph in condensed nodes after pooling, we further validate
it on graph reconstruction of synthetic and molecule graphs, and also on two graph generation tasks,

namely molecule generation and retrosynthesis. Notably, GMT outperforms baselines with even larger
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performance gap on graph reconstruction, which demonstrates that it learns meaningful information
without forgetting original graph structure. Finally, it improves the graph generation performance on
two tasks, which shows that GMT can be well coupled with other GNNs for graph representation learning.

In sum, our main contributions are summarized as follows:

e We treat a graph pooling problem as a multiset encoding problem, under which we consider relation-
ships among nodes in a set with several attention units, to make a compact representation of an entire

graph only with one global function, without additional message-passing operations.

e We show that existing GNN with our parametric pooling operation can be as powerful as the WL

test, and also be easily extended to the node clustering approaches with learnable clusters.

o We extensively validate GMT for graph classification, reconstruction, and generation tasks on syn-

thetic and real-world graphs, on which it largely outperforms most graph pooling baselines.

3.2 Related Work

Graph Neural Network Existing graph neural network (GNN) models generally encode the nodes
by aggregating the features from the neighbors [6, 35, 36, 86], and have achieved a large success on
node classification and link prediction tasks. Recently, there also exist transformer-based GNNs [37,
87] that further consider the relatedness between nodes in learning the node embeddings. However,
accurately representing the given graph as a whole remains challenging. While using mean or max
over the node embeddings allow to represent the entire graph for graph classification [88, 89], they are
mostly suboptimal, and may output the same representation for two different graphs. To resolve this
problem, recent GNN models [10, 84] aim to make the GNNs to be as powerful as the Weisfeiler-Lehman
test [12] in distinguishing graph structures. Yet, they also rely on simple operations, and we need a more

sophisticated method to represent the entire graph.

Graph Pooling Graph pooling methods play an essential role of representing the entire graph. While
averaging all node features is directly used as simplest pooling methods [81, 90], they result in a loss of
information since they consider all node information equally without considering key features for graphs.
To overcome this limitation, there have been recent studies on graph pooling to compress the given graph
in a task specific manner. Node drop methods use learnable scoring functions to drop nodes with lower
scores [79, 85, 82]. Moreover, node clustering methods cast the graph pooling problem into the node
clustering problem to map the nodes into a set of clusters [80, 91, 92, 83, 93]. Some methods combine
these two approaches by first locally clustering the neighboring nodes, and then dropping unimportant
clusters [94]. Meanwhile, edge clustering gradually merges nodes by contracting high-scoring edges
between them [95]. In addition, Ahmadi et al. [96] model the memory layer to aggregate nodes without
utilizing message-passing after pooling. Finally, there exists a semi-supervised pooling method [97] that

scores nodes with an attention scheme [98], to weight more on the important nodes on pooling.

(Multi-)Set Representation Learning Note that a set of nodes in a graph forms a multiset [10]; a
set that allows possibly repeating elements. Therefore, contrary to the previous set-encoding methods,
which mainly consider non-graph problems [99, 100, 41], we regard the graph representation learning as a
multi-set encoding problem. Mathematically, Zaheer et al. [101] and Qi et al. [99] provide the theoretical

grounds on permutation invariant functions for the set encoding. Further, Lee et al. [102] propose Set
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Transformer, which uses attention mechanism on the set encoding. Building on top of these theoretical

grounds on set, we propose the multiset encoding function that explicitly considers the graph structures.

3.3 Graph Multiset Pooling

We posit the graph representation learning problem as a multiset encoding problem, and then utilize

the graph-structured attention to consider the global graph structure when encoding the given graph.

3.3.1 Preliminaries

We begin with the general descriptions of graph neural network, and graph pooling.

nxn

Graph Neural Network A graph G can be represented by its adjacency matrix A € {0,1}
and the node set V with |V| = n nodes, along with the ¢ dimensional node features X € R™*¢. Graph
Neural Networks (GNNs) learn feature representation for different nodes using neighborhood aggregation

schemes, which are formalized as the following Message-Passing function:
H(+Y = UPDATE® (H&”, AGGREGATE® ({H}P,vu e N(u)})) : (3.1)

where H(+1) ¢ R"*4 is the node features computed after I-steps of the GNN simplified as follows:
H) = GNNO(H®, ADO) UPDATE and AGGREGATE are arbitrary differentiable functions, N ()

)

denotes a set of neighboring nodes of u, and Hqsl is initialized as the input node features X,,.

Graph Pooling While message-passing functions can produce a set of node representations, we need

an additional READOUT function to obtain an entire graph representation hg € R? as follows:
he = READOUT ({H, | v € V}). (3.2)

As a READOUT function, we can simply use the average or sum over all node features H,,Vv € V
from the given graph [81, 10]. However, since such aggregation schemes take all node information
equally without considering the graph structures, they lose structural information that is necessary for
accurately representing a graph. To tackle this limitation, Node Drop methods [85, 82] select the high
scored nodes 3('t1) € R™+1 with learnable score function s at layer I, to drop the unnecessary nodes,
denoted as follows:

yO = s(HO, A0); §+D) = top, (y0), (3.3)

where function s depends on specific implementations, and top, function samples the top k nodes by
dropping nodes with low scores y) € R™. Whereas Node Clustering methods [80, 83] learn a cluster
assignment matrix C() € R™*™+1 with node features H®) € R™*¢ to coarsen the nodes and the

adjacency matrix A®) € R™*™ at layer [ as follows:
gD — C(Z)TH(l); AU0+D C(l)TA(l)C(l)7 (3.4)

where generating an assignment matrix C*) depends on specific implementations. While these two
approaches obtain decent performances on graph classification tasks, they are suboptimal since node

drop methods unnecessarily drop arbitrary nodes, and node clustering methods have limited scalability
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to large graphs [103, 82]. Therefore, we need a sophisticated graph pooling layer that coarsens the graph

with sparse implementation without discarding nodes.

3.3.2 Graph Multiset Transformer

We now describe the Graph Multiset Transformer (GMT) architecture, which can accurately repre-
sent the entire graph, given a multiset of node features. We first introduce a multiset encoding scheme
that allows to embed two different graphs into distinct embeddings, and then describe the graph multi-
head attention that reflects the graph topology in the attention-based multiset encoding.

Multiset Encoding The input of the graph pooling function READOUT consists of nodes in a graph,
and they form a multiset (i.e. a set that allows for repeating elements) since different nodes can have
identical feature vectors. To design a graph pooling function that is as powerful as the WL test, it needs
to satisfy the permutation invariance and injectiveness over the multiset, since two non-isomorphic graphs
should be embedded differently through the injective function. While the simple sum pooling satisfies the
injectiveness over a multiset [10], it may treat all node embeddings equally without consideration of their
relevance to the task. To resolve this issue, we consider attention mechanism on the multiset pooling
function to capture structural dependencies among nodes within a graph, in which we can provably enjoy

the expressive power of the WL test.

Graph Multi-head Attention To overcome the inability of simple pooling methods (e.g. sum) on
distinguishing important nodes, we use the attention mechanism as the main component in our pooling
scheme. Assume that we have n node vectors, and the input of the attention function (Att) consists of
query @ € R"*% Lkey K € R"*¥ and value V€ R"*%  where n, is the number of query vectors, n is
the number of input nodes, di, is the dimensionlity of the key vector, and d,, is the dimensionality of the
value vector. Then we compute the dot product of the query with all keys, to put more weights on the
relevant values, namely nodes, as follows: Att(Q, K,V) = w(QK”)V, where w is an activation function.
Instead of computing a single attention, we can further use a multi-head attention [104], by linearly
projecting the query Q, key K, and value V' h times respectively to yield h different representation

subspaces. The output of the multi-head attention function (MH) then can be denoted as follows:
MH(Q,K,V) =[01,..,0,] WO,  0; = At(QWZ, KWX VW), (3.5)

where the operations for h parallel projections are parameter matrices W° € R%>de WK ¢ Rdxxdk
and W)V € R4*d> Also, the output projection matrix is WO € R'vXdmedet wwhere d,poqe1 is the output
dimensionality for the multi-head attention (MH) function.

While multi-head attention is superior to trivial pooling methods such as sum or mean as it considers
global dependencies among nodes, the MH function suboptimally generates the key K and value V for
Att, since it linearly projects the obtained node embeddings H from equation 3.1 to further obtain the
key and value pairs. To tackle this limitation, we newly define a novel graph multi-head attention block
(GMH). Formally, given node features H € R"*? with their adjacency information A, we construct the

key and value using GNNs, to explicitly leverage the graph structure as follows:

GMH(Q,H,A) =[01,....,0,) W°;  0; = Att(QW,?,GNN[(H, A),GNN/ (H, A)), (3.6)
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Figure 3.2: Graph Multiset Transformer. Given a graph passed through several message passing layers, we
use an attention-based pooling block (GMPool) and a self-attention block (SelfAtt) to compress the nodes into
few important nodes and consider the interaction among them respectively, within a multiset framework.

where the output of GNN; contains neighboring information of the graph, compared to the linearly

projected node embeddings KW and VW)V in equation 3.5, for key and value matrices in Att.

Graph Multiset Pooling with Graph Multi-head Attention Using the ingredients above, we
now propose a graph pooling function that satisfies the injectiveness and permutation invariance, such
that the overall architecture can be at most as powerful as the WL test, while taking the graph structure
into account. Given node features H € R"*? from GNNs, we define a Graph Multiset Pooling (GMPool),
which is inspired by the Transformer [104, 102], to compress the n nodes into the k typical nodes, with a
parameterized seed matrix S € R**? for the pooling operation that is directly optimized in an end-to-end
fashion, as follows (Figure 3.2-GMPool):

GMPool,(H, A) = LN(Z +1FF(Z)); Z =LN(S + GMH(S, H, A)), (3.7)

where rFF is any row-wise feedforward layer that processes each individual row independently and
identically, and LN is a layer normalization [105]. Note that the GMH function in equation 3.7 considers
interactions between k seed vectors (queries) in S and n nodes (keys) in H, to compress n nodes into k
clusters with their attention similarities between queries and keys. Also, to extend the pooling scheme

from set to multiset, we simply consider redundant node representations.

Self-Attention for Inter-node Relationship While previously described GMPool condenses entire
nodes into k representative nodes, a major drawback of this scheme is that it does not consider relation-
ships between nodes. To tackle this limitation, one should further consider the interactions among n or
condensed k different nodes. To this end, we propose a Self-Attention function (SelfAtt), inspired by the
Transformer [104, 102], as follows (Figure 3.2-SelfAtt):

SelfAtt(H) = LN(Z +1FF(Z)); Z =LN(H +MH(H,H, H)), (3.8)

where, compared to GMH in equation 3.7 that considers interactions between k vectors and n nodes,
SelfAtt captures inter-relationships among n nodes by putting node embeddings H on both query and
key locations in MH of equation 3.8. To satisfy the injectiveness property of SelfAtt, it might not consider

interactions among n nodes, which we discuss in Proposition 3.3.3 of Subsection 3.3.3.

Overall Architecture We now describe the full structure of Graph Multiset Transformer (GMT)
consisting of GNN and pooling layers using ingredients above (See Figure 3.2). For a graph G with node
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features X and an adjacency matrix A, the Encoder : G — H € R™*? is denoted as follows:
Encoder(X, A) = GNN3(GNN; (X, A), A), (3.9

where we can stack several GNNs to construct the deep structures. After obtaining a set of node
features H from an encoder, the pooling layer aggregates the features into a single vector form; Pooling
: H/A — hg € R%. To deal with a large number of nodes, we first condense the entire graph into k
representative nodes with Graph Multiset Pooling (GMPool), which is also adaptable to the varying size
of nodes, and then utilize the interaction among them with Self-Attention Block (SelfAtt). Finally, we
get the entire graph representation by using GMPool with k = 1 as follows:

Pooling(H, A) = GMPool; (SelfAtt(GMPool, (H, A)), A), (3.10)

where A’ € RF** is the identity or coarsened adjacency matrix since adjacency information should be

adjusted after compressing the nodes from n to k with GMPool;, (See Appendix 3.6.1 for details).

3.3.3 Connection with Weisfeiler-Lehman Isomorphism Test

Weisfeiler-Lehman (WL) graph isomorphism test [12] is known for its ability to efficiently distin-
guish two different graphs. Recent studies [84, 10] show that GNNs can be made to be as powerful as
the WL test, by using an injective function over a multiset to map two different graphs into distinct
spaces. Building on previous powerful GNNs, if our graph pooling function is injective, then our overall
architecture can be at most as powerful as the WL test. To do so, we first recount the theorem from Xu
et al. [10], as formalized in Theorem 3.3.1.

,—[ Theorem 3.3.1: Non-isomorphic Graphs to Different Embeddings }

Let A: G — R% be a GNN, and Weisfeiler-Lehman test decides two graphs G, € G and G2 € G as

non-isomorphic. Then, A maps two different graphs G1 and Go to distinct vectors if node aggre-

gation and update functions are injective, and graph-level readout, which operates on a multiset

of node features {H,;}, is injective.

Proof. To map two non-isomorphic graphs to distinct embedding spaces with GNNs, we recount the

theorem on Graph Isomorphism Network. See Appendix B of Xu et al. [10] for details. O

Since we focus on the representation of graphs through pooling, we deal with the injectiveness of the

READOUT function. Our next Lemma 3.3.2 states that GMPool can represent the injective function.

,—[ Lemma 3.3.2: Injectiveness on Graph Multiset Pooling }

Assume the input feature space H is a countable set. Then the output of GMPool;‘C(H,A) with
GMH(S;,H, A) for a seed vector S; can be unique for each multiset H C H of bounded size.
Further, the output of full GMPool,(H, A) constructs a multiset with k elements, which are also

unique on the input multiset H .

Proof. We first state that the GNNs of the Graph Multi-head Attention (GMH) in a GMPool can

represent the injective function over the multiset H with an adjacency information A, by selecting proper
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message-passing functions that satisfy the WL test [10, 84], denoted as follows: H' = GNN(H, A), where
H’' C H. Then, given enough elements in the multiset, a GMPOO];C (H,A) can express the sum pooling
over the multiset H' defined as follows: p(D_,c g f(h)), where f and p are mapping functions (see the
proof of PMA in Lee et al. [102]).

Since H is a countable set, there is a mapping from elements to prime numbers denoted by p(h) : H —
P. If we let f(h) = —logp(h), then >, ., f(h) =log[[,cn ﬁ which constitutes an unique mapping
for every multiset H" C H (see Wagstaff et al. [106]). In other words, >,z f(h) is injective. Also,
we can easily construct a function p, such that GMPool, (H, A) = P her f(R) = plog[Tnca ﬁ)
is injective for every multiset H C H, where H' is derived from the GNN component in the GMPool;
H' =GNN(H, A).

Furthermore, since a GMPool considers multiset elements without any order, it satisfies the permu-
tation invariance condition for the multiset function.

Finally, each GMPool block has k components such that the output of it consists of k elements as
follows: GMPool = {GMPOOIL(H, A)}le, which allows multiple instances for its elements. Then, since
each GMPool;,(H, A) is unique on the input multiset H, the output of the GMPool that consists of k

outputs is also unique on the input multiset H. O

Thanks to the universal approximation theorem [107], we can construct such functions p and p using
multi-layer perceptrons (MLPs).

Based upon the injectiveness of GMPool, we further show the injectiveness of SelfAtt, to make
an overall architecture (a sequence of GMPool and SelfAtt with GNNs) as powerful as the WL test,

formalized in Proposition 3.3.3.

Proposition 3.3.3: Injectiveness on Graph Multiset Transformer }

The overall Graph Multiset Transformer with multiple GMPool and SelfAtt can map two different

graphs G1 and G2 to distinct embedding spaces, such that the resulting GNN with proposed pooling

functions can be as powerful as the WL test.

Proof. By Lemma 3.3.2, we know that a Graph Multiset Pooling (GMPool) can represent the injective
function over the input multiset H C H. If we can also show that a Self-Attention (SelfAtt) can represent
the injective function over the multiset, then the sequence of the GMPool and SelfAtt blocks can satisfy
the injectiveness.

Let WO be a zero matrix in the SelfAtt function. SelfAtt(H) then can be approximated to any
instance-wise feed-forward networks denoted as follows: SelfAtt(H) = rFF(H). Therefore, this rFF is a
suitable transformation ¢ : R¢ — R? that can be easily constructed over the multiset elements h € H,

to satisfy the injectiveness. O

To maximize the discriminative power of the Graph Multiset Transformer (GMT) by satisfying the
WL test, we assume that SelfAtt does not consider the interactions among multiset elements, namely
nodes. While proper GNNs with the proposed pooling function can be at most as powerful as the WL
test with this assumption, our experimental results with the ablation study show that the interaction

among nodes is significantly important to distinguish the broad classes of graphs (See Table 3.2).
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3.3.4 Connection with Node Clustering Approaches

Node clustering is widely used for coarsening a graph in a hierarchical manner, as described in the
equation 3.4. However, since they require to store and even multiply the adjacency matrix A with the
soft assignment matrix C: AT = CO" AOCO | they need a quadratic space O(n?) for n nodes,
which is problematic for large graphs. Meanwhile, our GMPool does not compute a coarsened adjacency
matrix AU+ such that graph pooling is possible only with a sparse implementation, as formalized in
Theorem 3.3.4.

Theorem 3.3.4: Space Complexity of Graph Multiset Pooling

)

Graph Multiset Pooling condsense a graph with n nodes to k nodes in O(nk) space complexity,

which can be further optimized to O(n).

Proof. Assume that we have key K € R™ % and value V € R"*% matrices in the Att function of
Graph Multi-head Attention (GMH) for the simplicity, which is described in the equation 3.6. Also, Q
is defined as a seed vector § € R¥* in the GMPool function of the equation 3.7. To obtain the weights
on the values V', we multiply the query Q with key K: QK. This matrix multiplication then maps a
set of n nodes into a set of k nodes, such that it requires O(nk) space complexity. Also, we can further
drop the constant term k: O(n), by properly setting the small k values; k < n.

The multiplication of the attention weights QKT with value V also takes the same complexity, such

that the overall space complexity of GMPool is O(nk), which can be further optimized to O(n). O

The space complexity of GNNs with sparse implementation requires O(n 4+ m) space complexity,
where n is the number of nodes, and m is the number of edges in a graph. Therefore, multiple GNNs
followed by our GMPool require the total space complexity of O(n + m) due to the space complexity of
the GNN operations. However, GNNs with our GMPool are more efficient than node clustering methods,
since node clustering approaches need O(n?) space complexity.

In spite of this huge strength on space complexity, our GMPool can be further approximated to the

node clustering methods by manipulating an adjacency matrix, as formalized in Proposition 3.3.5.

Proposition 3.3.5: Approximation to Node Clustering }

Graph Multiset Pooling GMPooly, can perform hierarchical node clustering with learnable k cluster

centroids by Seed Vector S in equation 3.7.

Proof. Node clustering approaches are widely used to coarsen a given large graph in a hierarchical manner
with several message-passing functions. The core part of the node clustering schemes is to generate a
cluster assignment matrix C, to coarsen nodes and adjacency matrix as in an equation 3.4. Therefore, if
our Graph Multiset Pooling (GMPool) can generate a cluster assignment matrix C, then the proposed
GMPool can be directly approximated to the node clustering approaches.

In the proposed GMPool, query @ is generated from a learnable set of k seed vectors S, and key K
and value V' are generated from node features H with GNNs in the Graph Multi-head Attention (GMH)
block, as in an equation 3.6. In this function, if we decompose the attention function Att(Q,K,V) =
w(QKT)V into the dot products of the query with all keys, and the corresponding weighted sum

of values, then the first dot product term inherently generates a soft assignment matrix as follows:
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C = w(QKT). Therefore, the proposed GMPool can be easily extended to the node clustering schemes,
with the inherently generated cluster assignment matrix; C = w(QK7'), where one of the proper choices
for the activation function w is the softmax function as follows:

<p(Q, KT
w(QK™");; = PIQK;) : (3.11)

Sk exp(QuKT)

Furthermore, through the learnable seed vectors S for the query @Q, we can learn data dependent k

different cluster centroids in an end-to-end fashion. O

Note that, as shown in Subsection 3.4.2 of the main paper, the proposed GMPool significantly
outperforms the previous node clustering approaches [80, 83]. This is because, contrary to them, the

proposed GMPool can explicitly learn data dependent k cluster centroids by learnable seed vectors S.

3.4 Experiment

To validate the proposed Graph Multiset Transformer (GMT) for graph representation learning, we

evaluate it on classification, reconstruction and generation tasks of synthetic and real-world graphs.

3.4.1 Graph Classification

Objective The goal of graph classification is to predict a label y; € ) of a given graph G; € G, with a
mapping function f : G — Y. To this end, we use a set of node representations {H, | v € V} to obtain
an entire graph representation hg that is used to classify a label f(G) = §g. We then learn f with a

cross-entropy loss, to minimize the negative log likelihood as follows: min ), ; —y;log ¥.

Datasets Among TU datasets [108], we select 6 datasets including 3 datasets (D&D, PROTEINS,
and MUTAG) on Biochemical domain, and 3 datasets (IMDB-B, IMDB-M, and COLLAB) on Social
domain with accuracy for evaluation metric. Also, we use 4 molecule datasets (HIV, Tox21, ToxCast,
BBBP) from the OGB datasets [109] with ROC-AUC for evaluation metric. Statistics are reported in
the Table 3.1, and more details are described in the Appendix 3.6.3.

Models 1) GCN. 2) GIN. GNNs with mean or sum pooling [6, 10]. 3) Set2Set. Set pooling
baseline [110]. 4) SortPool. 5) SAGPool. 6) TopKPool. 7) ASAP. The methods [79, 82, 85, 94]
that use the node drop, by dropping nodes (or clusters) with lower scores using scoring functions. 8)
DiffPool. 9) MinCutPool. 10) HaarPool. 11) StructPool. The methods [80, 83, 92, 93] that use
the node clustering, by grouping a set of nodes into a set of clusters using a cluster assignment matrix.
12) EdgePool. The method [95] that gradually merges two adjacent nodes that have a high score edge.
13) GMT. The proposed Graph Multiset Transformer (See Appendix 3.6.2 for detailed descriptions).

Implementation Details For a fair comparison of pooling baselines [82], we fix the GCN [6] as a
message passing layer. We evaluate the model performance on TU datasets for 10-fold cross validation [79,
10] with LIBSVM [111]. Also, we use the initial node features following the fair comparison setup [112].
We evaluate the performance on OGB datasets with their original feature extraction and data split

settings [109]. Experimental details are described in the Appendix 3.6.3.
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Table 3.1: Graph classification results on test sets. The reported results are mean and standard deviation
over 10 different runs. Best performance and its comparable results (p > 0.05) from the t-test are marked in
bold. Hyphen (-) denotes out-of-resources that take more than 10 days (See Figure 3.4 for the time efficiency
analysis).

Biochemical Domain Social Domain

Significance
D&D PROTEINS MUTAG HIV Tox21 ToxCast BBBP IMDB-B IMDB-M COLLAB
# graphs 1,178 1,113 188 41,127 7,831 8,576 2,039 1,000 1,500 5,000 -
# classes 2 2 2 2 12 617 2 2 3 3 -
Avg # nodes 284.32 39.06 17.93 25.51 18.57 18.78 24.06 19.77 13.00 74.49 -
GCN 72.05 £ 0.55 73.24 £0.73 69.50 = 1.78 76.81 £+ 1.01 75.04 &+ 0.80 60.63 £ 0.51 65.47 & 1.73 73.26 + 0.46 50.39 + 0.41 80.59 + 0.27 3/10
GIN 70.79 + 1.17 71.46 £ 1.66 81.39 + 1.53 75.95 + 1.35 73.27 £ 0.84 60.83 £+ 0.46 67.65 £ 3.00 72.78 + 0.86 48.13 £ 1.36 78.19 + 0.63 2 /10
Set2Set 71.94 £ 0.56 73.27 £ 0.85 69.89 + 1.94 74.70 + 1.65 74.10 £ 1.13 59.70 £ 1.04 66.79 + 1.05 72.90 £ 0.75 50.19 £ 0.39 79.55 + 0.39 1/10
SortPool 75.58 & 0.72 73.17 £ 0.88 71.94 & 3.55 71.82 £ 1.63 69.54 & 0.75 58.69 £ 1.71 65.98 £ 1.70 72.12 & 1.12 48.18 £ 0.83 77.87 &+ 0.47 0/10
DiffPool 77.56 &£ 0.41 73.03 £1.00 79.22 + 1.02 75.64 + 1.86 74.88 £ 0.81 62.28 + 0.56 68.25 + 0.96 73.14 + 0.70 51.31 + 0.72 78.68 + 0.43 3/10
SAGPool(G) 71.54 +£0.91 72.02 + 1.08 76.78 +2.12 74.56 £ 1.69 71.10 + 1.06 59.88 + 0.79 65.16 & 1.93 72.16 + 0.88 49.47 + 0.56 78.85 % 0.56 0/10

SAGPool(H) 74.72 +0.82 71.56 + 1.49 73.67 + 4.28 71.44 £ 1.67 69.81 £ 1.75 58.91 + 0.80 63.94 & 2.59 72.55 + 1.28 50.23 + 0.44 78.03 + 0.31 1/10
TopKPool 73.63 £ 0.55 70.48 £1.01 67.61 £3.36 72.27 £0.91 69.39 +2.02 58.42 £ 0.91 65.19 +2.30 71.58 £+ 0.95 48.59 £ 0.72 77.58 4 0.85 0/10
MinCutPool 78.22 + 0.54 74.72 4+ 0.48 79.17 4+ 1.64 75.37 £2.05 75.11 £ 0.69 62.48 + 1.33 65.97 & 1.13 72.65 & 0.75 51.04 & 0.70 80.87 £ 0.34 4 /10
StructPool ~ 78.45 + 0.40 75.16 + 0.86 79.50 £ 1.75 75.85 4+ 1.81 75.43 £0.79 62.17 + 1.61 67.01 + 2.65 72.06 £ 0.64 50.23 &+ 0.53 77.27 £ 0.51 3/10

ASAP 76.58 & 1.04 73.92 £ 0.63 77.83+ 1.49 72.86 £ 1.40 72.24 4+ 1.66 58.09 £ 1.62 63.50 & 2.47 72.81 £ 0.50 50.78 &+ 0.75 78.64 & 0.50 1/10
EdgePool 75.85 & 0.58 75.12 £ 0.76 74.17+ 1.82 72.66 £ 1.70 73.77 & 0.68 60.70 £ 0.92 67.18 & 1.97 72.46 £ 0.74 50.79 £ 0.59 - 3/9
HaarPool - - 66.11+ 1.50 - - - 66.11 £ 0.82 73.29 £ 0.34 49.98 £ 0.57 - 1/5

GMT (Ours) 78.72 & 0.59 75.09 + 0.59 83.44 + 1.33 77.56 + 1.25 77.30 + 0.59 65.44 + 0.58 68.31 + 1.62 73.48 + 0.76 50.66 + 0.82 80.74 + 0.54 10 / 10

— —e— DiffPool —e— TopKPool EdgePool —e— MinCutPool StructPool —e— HaarPool
Model D&D PROTEINS BBBP a 1e4 —e— MinCutPool StructPool —e— GMT (Ours) —e— TopKPool EdgePool —e— GMT (Ours)
-i x x x —~ 104
GMT 78.72 75.09 68.31 <10 8
>
w/0 message passing 78.06 75.07 65.26 ‘6 L10°
0.5 v
w/o graph attention 78.08 74.50 66.21 g € 10°
w/o self-attention 75.13 74.22 64.53 = 0.0 —3 =
mean pooling 72.05 73.24 65.47 # 0 2 4 200 400 600 800 100¢
# Nodes le4 # Nodes

Table 3.2: Ablation Study of GMT Figure 3.3: Memory efficiency of Figure 3.4: Time efficiency of
on the D&D, PROTEIst e‘md BBBP  GMT compared with baselines. X ~GMT compared with baselines. X
datasets for graph classification. indicates out-of-memory error. indicates out-of-memory error.

Classification Results Table 3.1 shows that our GMT outperforms most baselines, or achieves com-
parable performance to the best baseline results. These results demonstrate that our method is simple
yet powerful as it only performs a single global operation at the final layer, unlike several baselines that
use multiple pooling with a sequence of message passing (See Figure 3.9 for the detailed model archi-
tectures). Note that, since graph classification tasks mostly require the discriminative information to
predict the labels of a graph, GNN baselines without parametric pooling, such as GCN and GIN, some-
times outperform pooling baselines on some datasets. In addition, recent work [113], which reveals that
message-passing layers are dominant in the graph classification, supports this phenomenon. Therefore,
we conduct experiments on graph reconstruction to directly quantify the amount of retained information

after pooling, which we describe in the next subsection.

Ablation Study To see where the performance improvement comes from, we conduct an ablation
study on GMT by removing graph attention, self attention, and message-passing operations. Table 3.2
shows that using graph attention with self-attention helps significantly improve the performances from
the mean pooling. Further, performances of the GMT without message-passing layers indicate that our

pooling layer well captures the graph multiset structure only with pooling without GNNs.

Efficiency While node clustering methods achieve decent performances in Table 3.1, they are known
to suffer from large memory usage since they cannot work with sparse graph implementations. To
compare the GPU Memory Efficiency of GMT with baseline models, we test it on the Erdos-Renyi
graphs [114] (See Appendix 3.6.3 for detail setup). Figure 3.3 shows that our GMT is highly efficient in

terms of memory thanks to its compatibility with sparse graphs, making it more practical over memory-
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heavy pooling baselines. In addition to this, we measure the Time Efficiency to further validate the
practicality of GMT in terms of time complexity. We validate it with the same Erdos-Renyi graphs (See
Appendix 3.6.3 for detail setup). Figure 3.4 shows that GMT takes less than (or nearly about) a second
even for large graphs, compared to the slowly working models such as HaarPool and EdgePool. This

result further confirms that our GMT is practically efficient.

3.4.2 Graph Reconstruction

Graph classification does not directly measure the expressiveness of GNNs since identifying dis-
criminative features may be more important than accurately representing graphs. Meanwhile, graph

reconstruction directly quantifies the graph information retained by condensed nodes after pooling.

Objective For graph reconstruction, we train an autoencoder to reconstruct the input node features
X € R™*¢ from their pooled representations XP°° € R**¢ The learning objective to minimize the
discrepancy between the original graph X and the reconstructed graph X7™°¢ with a cluster assignment
matrix C € R™*¥ is denoted as follows: min|| X — X"¢¢||, where X" = C XP°°.

Experimental Setup We first experiment with Synthetic Graph, such as ring and grid [83], that
can be represented in a 2-D Euclidean space, where the goal is to restore the location of each node
from pooled features, with an adjacency matrix. We further experiment with real-world Molecule
Graph, namely ZINC datasets [115], which consists of 12K molecular graphs. See Appendix 3.6.4 for

the experimental details including model descriptions.

Reconstruction Results Figure 3.5 shows the original and the reconstructed graphs for Synthetic
Graph of ring and grid structures. The noisy results of baselines indicate that the condensed node
features do not fully capture the original graph structure. Whereas our GMPool yields almost perfect
reconstruction, which demonstrates that our pooling operation learns meaningful representation without
discarding the original graph information. We further validate the reconstruction performance of the
proposed GMPool on the real-world Molecule Graph, namely ZINC, by varying the compression ratio.
Figure 3.6 shows reconstruction results on the molecule graph, on which GMPool largely outperforms all
compared baselines in terms of validity, exact match, and accuracy (High score indicates the better, and
see Appendix 3.6.4 for the detailed description of evaluation metrics). With given results, we demonstrate
that our GMPool can be easily extended to the node clustering schemes, while it is powerful enough to

encode meaningful information to reconstruct the graph.
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the mean and shaded areas denote the variance. given as prior information (Bottom) and not given (Top).
Qualitative Analysis We visualize the reconstruc- (A1)

tion examples from ZINC in Figure 3.7, where col- A-MinCutPool

ors in the left figure indicate the assigned clusters on ’\i\\ ‘\g

rectly predicted atoms on the reconstructed molecule. B GMT

As shown in Figure 3.7, GMPool yields more cali- \<
brated clustering than MinCutPool, capturing the de- )

each atoms, and red dashed circles indicate the incor- B2) Q\

(1) Ground Truth with Clusters (2) Predicted [ fallure]

tailed substructures, which results in the successful re- Figure 3.7: Reconstruction example with as-
construction (See Figure 3.11 in Appendix D for more signed clusters as colors on left and reconstructed

reconstruction examples). molecules on right.

3.4.3 Graph Generation

Objective Graph generation is used to generate a valid graph that satisfies the desired properties, in
which graph encoding is used to improve the generation performances. Formally, given a graph G with
graph encoding function f, the goal here is to generate a valid graph G € G of desired property y with
graph decoding function ¢ as follows: mind(y,G), where G = g(f(Q)). d is a distance metric between
the generated graph and desired properties, to guarantee that the graph has them.

Experimental Setup To evaluate the applicability of our model, we experiment on Molecule Gen-
eration to stably generate the valid molecules with MolGAN [116], and Retrosynthesis to empower
the synthesis performances with Graph Logic Network (GLN) [117], by replacing their graph embedding
function f(G) to ours. In both experiments, we replace the average pooling to either the MinCutPool or

GMT. See Appendix 3.6.5 for more experimental details.

Generation Results The power of a discriminator distinguishing whether a molecule is real or fake
is highly important to create a valid molecule in MolGAN. Figure 3.8 shows the validity curve on
the early stage of MolGAN training for Molecule Generation, and the representation power of GMT
significantly leads to the stabilized generation of valid molecules than baselines. Further, Table 3.3 shows
Retrosynthesis results, where we use the GLN as a backbone architecture. Similar to the molecule
generation, retrosynthesis with GMT further improves the performances, which suggests that GMT can

replace existing pooling methods for improved performances on diverse graph tasks.

33



3.5 Conclusion

In this work, we pointed out that existing graph pooling approaches either do not consider the task
relevance of each node (sum or mean) or may not satisfy the injectiveness (node drop and clustering
methods). To overcome such limitations, we proposed a novel graph pooling method, Graph Multiset
Transformer (GMT), which not only encodes the given set of node embeddings as a multiset to uniquely
embed two different graphs into two distinct embeddings, but also considers both the global structure
of the graph and their task relevance in compressing the node features. We theoretically justified that
the proposed pooling function is as powerful as the WL test, and can be extended to the node clustering
schemes. We validated the proposed GMT on 10 graph classification datasets, and our method outper-
formed state-of-the-art graph pooling models on most of them. We further showed that our method is
superior to the existing graph pooling approaches on graph reconstruction and generation tasks, which
require more accurate representations of the graph than classification tasks. We strongly believe that the
proposed pooling method will bring substantial practical impact, as it is generally applicable to many

graph-learning tasks that are becoming increasingly important.

3.6 Appendix

3.6.1 Details for Graph Multiset Transformer Components

In this section, we describe the Graph Multiset Pooling (GMPool) and Self-Attention (SelfAtt),

which are the main components of the proposed Graph Multiset Transformer, in detail.

Graph Multiset Pooling The core components of the Graph Multiset Pooling (GMPool) is the Graph
Multi-head Attention (GMH) that considers the graph structure into account, by constructing the key
K and value V' using GNNs, as described in the equation 3.6. As shown in the Table 3.2 of the main
paper, this graph multi-head attention significantly outperforms the naive multi-head attention (MH
in equation 3.5). However, after compressing the n nodes into the k nodes with GMPoolg, we can not
directly perform further GNNs since the original adjacency information is useless after pooling. To tackle
this limitation, we can generate the new adjacency matrix A’ for the compressed nodes, by performing

node clustering as described in Proposition 5 of the main paper as follows:
GMPool; (GMPool,(H, A),A"); A’ =CTAC, (3.12)

where C is the generated cluster assignment matrix, and A’ is the coarsened adjacency matrix as
described in the equation 3.4. However, this approach is well known for their scalability issues [82, 103],
since they require quadratic space O(n?) to store and even multiply the adjacency matrix A with the
soft assignment matrix C. Therefore, we leave doing this as a future work, and use the following trick.
By replacing the adjacency matrix A with the identity matrix I in the GMPool except for the first block,
we can easily perform multiple GMPools without any constraints, which is approximated to the GMPool
with MH in the equation 3.5, rather than GMH in the equation 3.6, as follows:

GMPool; (GMPool,(H,A),A"); A'=1. (3.13)
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Self-Attention The Self-Attention (SelfAtt) function can consider the inter-relationships between
nodes in a set, which helps the network to take the global graph structure into account. Because of
this advantage, the self-attention function significantly improves the proposed model performance on the
graph classification tasks, as shown in the Table 3.2 of the main paper. From a different perspective,
we can regard the Self-Attention function as a graph neural network (GNN) with a complete graph.
Specifically, given k nodes from the previous layer, the Multi-head Attention (MH) of the Self-Attention
function first constructs the adjacency matrix among all nodes with their similarities, through the matrix
multiplication of the query with key: QK7”, and then computes the outputs with the sum of the ob-
tained weights on the value. In other words, the self-attention function can be considered as one message
passing function with a soft adjacency matrix, which might be further connected to the Graph Attention
Network [36].

3.6.2 Baselines and Our Model

1) GCN. This method [6] is the mean pooling baseline with Graph Convolutional Network (GCN)
as a message passing layer.

2) GIN. This method [10] is the sum pooling baseline with Graph Isomorphism Network (GIN) as
a message passing layer.

3) Set2Set. This method [110] is the set pooling baseline that uses a recurrent neural network to
encode a set of all nodes, with content-based attention over them.

4) SortPool. This method [79] is the node drop baseline that drops unimportant nodes by sorting
their representations, which are directly generated from the previous GNN layers.

5) SAGPool. This method [82] is the node drop baseline that selects the important nodes, by
dropping unimportant nodes with lower scores that are generated by the another graph convolutional
layer, instead of using scores from the previously passed layers. Particularly, this method has two
variants. 5.1) SAGPool(QG) is the global node drop method that drops unimportant nodes one time
at the end of their architecture. 5.2) SAGPool(H) is the hierarchical node drop method that drops
unimportant nodes sequentially with multiple graph convolutional layers.

6) TopkPool. This method [85] is the node drop baseline that selects the top-ranked nodes using
a learnable scoring function.

7) ASAP. This method [94] is the node drop baseline that first locally generates the clusters with
neighboring nodes, and then drops the lower score clusters using a scoring function.

8) DiffPool. This method [80] is the node clustering baseline that produces the hierarchical repre-
sentation of the graphs in an end-to-end fashion, by clustering similar nodes into the few nodes through
graph convolutional layers.

9) MinCutPool. This method [83] is the node clustering baseline that applies the spectral clus-
tering with GNNs, to coarsen the nodes and the adjacency matrix of a graph.

10) HaarPool. This method [92] is the spectral-based pooling baseline that compresses the node
features with a nonlinear transformation in a Haar wavelet domain. Since it directly uses the spectral
clustering to generate a coarsened matrix, the time complexity cost is relatively higher than other pooling
methods.

11) StructPool. This method [93] is the node clustering baseline that integrates the concept of
the conditional random field into the graph pooling. While this method can be used with a hierarchical
scheme, we use it with a global scheme following their original implementation, which is similar to the
SortPool [79].
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Figure 3.9: Illustration of High-level Model Architectures. (Top): Global Graph Classification; GCN,
GIN, Set2Set, SortPool, SAGPool(G), StructPool, GMT. (Middle:) Hierarchical Graph Classification; DiffPool,
SAGPool(H), TopKPool, MinCutPool, ASAP, EdgePool, HaarPool. (Bottom:) Graph Reconstruction; DiffPool,
TopKPool, MinCutPool, GMT. MP denotes the message passing layer.

12) EdgePool. This method [95] is the edge clustering baseline that gradually merges the nodes,
by contracting the high score edge between two adjacent nodes.

13) GMT. Our Graph Multiset Transformer that first condenses all nodes into the important
nodes by GMPool, and then considers interactions between nodes in a set. Since it operates on the
global READOUT layer, it can be coupled with hierarchical pooling methods by replacing their last

layer.

3.6.3 Experimental Details on Graph Classification

Dataset Among TU datasets [108], we select the 6 datasets including 3 datasets (D&D, PROTEINS,
and MUTAG) on Biochemical domain, and 3 datasets (IMDB-B, IMDB-M, and COLLAB) on Social
domain. We use the classification accuracy as an evaluation metric. As suggested by Errica et al. [112]
for a fair comparison, we use the one-hot encoding of their atom types as initial node features in the
bio-chemical datasets, and the one-hot encoding of node degrees as initial node features in the social
datasets. Moreover, we use the recently suggested 4 molecule graphs (HIV, Tox21, ToxCast, BBBP)
from the OGB datasets [109]. We use the ROC-AUC for an evaluation metric, and use the additional
atom and bond features, as suggested by Hu et al. [109]. Dataset statistics are reported in the Table 3.1

of the main paper.

Implementation Details on Classification Experiments For all experiments on TU datasets, we
evaluate the model performance with a 10-fold cross validation setting, where the dataset split is based
on the conventionally used training/test splits [118, 79, 10], with LIBSVM [111]. In addition, we use the
10 percent of the training data as a validation data following the fair comparison setup [112]. For all
experiments on OGB datasets, we evaluate the model performance following the original training/vali-
dation/test dataset splits [109]. We use the early stopping criterion, where we stop the training if there
is no further improvement on the validation loss during 50 epochs, for the TU datasets. Further, the
maximum number of epochs is set to 500. We then report the average performances on the validation
and test sets, by performing overall experiments 10 times with different seeds.

For all experiments on TU datasets except the D&D, the learning rate is set to 5 x 10~%, hidden
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size is set to 128, batch size is set to 128, weight decay is set to 1 x 10™%, and dropout rate is set to 0.5.
Since the D&D dataset has a large number of nodes (See Table 3.1 in the main paper), node clustering
methods can not perform clustering operations on large graphs with large batch sizes, such that the
hidden size is set to 32, and batch size is set to 10 on the D&D dataset. For all experiments on OGB
datasets except the HIV, the learning rate is set to 1 x 1072, hidden size is set to 128, batch size is set
to 128, weight decay is set to 1 x 107, and dropout rate is set to 0.5. Since the HIV dataset contains
a large number of graphs compared to others (See Table 3.1 in the main paper), the batch size is set to
512 for fast training. Then we optimize the network with Adam optimizer [75]. For a fair comparison
of baselines [82], we use the three GCN layers [6] as a message passing function for all models with
jumping knowledge strategies [119], and only change the pooling architecture throughout all models, as
illustrated in Figure 3.9. Also, we set the pooling ratio as 25% in each pooling layer for both baselines

and our models.

Implementation Details on Efficiency Experiments To compare the GPU memory efficiency
of GMT against baseline models including node drop and node clustering methods, we first generate the
Erdos-Renyi graphs [114] by varying the number of nodes n, where the edge size m is twice the number
of nodes: m = 2n. For all models, we compress the given n nodes into the £ = 4 nodes at the first
pooling function.

To compare the time efficiency of GMT against baseline models, we first generate the Erdos-
Renyi graphs [114] by varying the number of nodes n with m = n?/10 edges, following the setting of
HaarPool [92]. For all models, we set the pooling ratio as 25% except for HaarPool, since it compresses
the nodes according to the coarse-grained chain of a graph. We measure the forward time, including
CPU and GPU, for all models with 50 graphs over one batch.

3.6.4 Experimental Details on Graph Reconstruction

Dataset We first experiment with synthetic graphs represented in a 2-D Euclidean space, such as ring
and grid structures. The node features of a graph consist of their location in a 2-D coordinate space, and
the adjacency matrix indicates the connectivity pattern of nodes. The goal here is to restore all node
locations from compressed features after pooling, with the intact adjacency matrix.

While synthetic graphs are appropriate choices for the qualitative analysis, we further do the quan-
titative evaluation of models with real-world molecular graphs. Specifically, we use the subset [120] of
the ZINC dataset [115], which consists of 12K real-world molecular graphs, to further conduct a graph
reconstruction on the large number of various graphs. The goal of the molecule reconstruction task is to
restore the exact atom types of all nodes in the given graph, from the compressed representations after

pooling.

Common Implementation Details Following Bianchi et al. [83], we use the two message passing
layers both right before the pooling operation and right after the unpooling operation. Also, both pooling
and unpooling operations are performed once and sequentially connected, as illustrated in the Figure 3.9.
We compare our methods against both the node drop (TopKPool [85]) and node clustering (DiffPool [80]
and MinCutPool [83]) methods. For the node drop method, we use the unpooling operation proposed in
the graph U-net [85]. For the node clustering methods, we use the graph coarsening schemes described
in the equation 3.4, with their specific implementations on generating an assignment matrix. For our

proposed method, we only use the one Graph Multiset Pooling (GMPool) without SelfAtt, where we
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Figure 3.10: High resolution images for synthetic graph reconstruction results in Figure 3.5.

follow the node clustering approaches as described in the subsection 3.3.4 by generating a single soft
assignment matrix with one head h = 1 in the multi-head attention function. For experiments of both
synthetic and molecule reconstructions, the learning rate is set to 5 x 1073, and hidden size is set to 32.

We then optimize the network with Adam optimizer [75].

Implementation Details on Synthetic Graph We set the pooling ratio of all models as 25%. For
the loss function, we use the Mean Squared Error (MSE) to train models. We use the early stopping
criterion, where we stop the training if there is no further improvement on the training loss during 1,000
epochs. Further, the maximum number of epochs is set to 10,000. Note that, there is no other available
graphs for validation of the synthetic graph, such that we train and test the models only with the given
graph in the Figure 3.10. The baseline results are adopted from Bianchi et al. [83].

Implementation Details on Molecule Graph We set the pooling ratio of all models as 5%, 10%,
15%, and 25%, and plot all results in the Figure 3.6 of the main paper. Note that, in the case of molecule
graph reconstruction, a softmax layer is appended at the last layer of the model architecture to classify
the original atom types of all nodes. For the loss function, we use the cross entropy loss to train models.
We use the early stopping criterion, where we stop the training if there is no further improvement
on the validation loss during 50 epochs. Further, the maximum number of epochs is set to 500, and
batch size is set to 128. Note that, in the case of molecule graph reconstruction on the ZINC dataset,
we strictly separate the training, validation and test sets, as suggested by Dwivedi et al. [120]. We
perform all experiments 5 times with 5 different random seeds, and then report the averaged result with
the standard deviation. Note that, in addition to baselines mentioned in the common implementation
details paragraph, we compare two more baselines: GCN with a random assignment matrix for pooling,
which is adopted from Mesquita et al. [113], and StructPool [93], for the real-world molecule graph

reconstruction.

Evaluation Metrics for Molecule Reconstruction For quantitative evaluations, we use the three
metrics as follows: 1) validity indicates the number of reconstructed molecules that are chemically valid,
2) exact match indicates the number of reconstructed molecules that are exactly same as the original

molecules, and 3) accuracy indicates the classification accuracy of atom types of all nodes.
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Table 3.4: Graph classification results on validation sets with standard deviations. All results are averaged over
10 different runs. Best performance and its comparable results (p > 0.05) from the t-test are marked in blod.
Hyphen (-) denotes out-of-resources that take more than 10 days (See Figure 3.4 for the time efficiency analysis).

Biochemical Domain Social Domain

D&D PROTEINS MUTAG HIV Tox21 ToxCast BBBP IMDB-B IMDB-M COLLAB
# graphs 1,178 1,113 188 41,127 7,831 8,576 2,039 1,000 1,500 5,000
# classes 2 2 2 2 12 617 2 2 3 3
Avg # nodes 284.32 39.06 17.93 25.51 18.57 18.78 24.06 19.77 13.00 74.49
GCN 76.17 £ 0.65 77.13 £0.44 76.56 = 1.75 81.27 £ 0.92 78.80 £ 0.40 65.66 &+ 0.40 93.35 + 1.08 77.93 £ 0.28 54.29 £+ 0.23 83.08 = 0.13
GIN 76.85 £ 0.61 78.43 £ 0.45 94.44 + 0.52 82.10 + 1.01 78.20 + 0.45 66.29 £ 0.42 94.64 £ 0.36 78.38 £ 0.26 54.04 = 0.29 82.19 + 0.25
Set2Set 76.32 £ 0.40 77.64 £0.41 79.72 £2.40 80.07 £ 0.93 79.13 £ 0.75 66.39 £ 0.49 91.89 + 1.48 78.13 £ 0.30 54.39 + 0.19 82.34 + 0.23
SortPool 80.68 = 0.59 77.92 + 0.42 81.33 £ 3.00 81.17 £2.30 75.97 £ 0.76 64.26 + 1.17 94.21 £ 1.04 77.46 = 0.60 52.95 = 0.62 80.58 £ 0.25
DiffPool 81.33 £ 0.33 79.09 + 0.36 87.94 + 1.93 83.16 + 0.44 80.02 £ 0.38 69.73 £ 0.79 96.32 £ 0.36 77.86 = 0.39 54.77 £ 0.19 81.69 £ 0.31

SAGPool(G) 76.73 + 0.80 77.01 £ 0.58 88.11 + 1.21 80.55 4+ 1.89 77.03 £+ 0.76 65.51 £+ 0.91 95.59 & 1.22 78.09 £ 0.58 53.73 + 0.42 81.91 £ 0.45
SAGPool(H) 79.56 + 0.67 77.24 £ 0.56 86.06 + 2.07 79.21 £ 1.50 75.36 = 2.63 64.05 £ 0.83 93.05 = 3.00 77.11 £ 0.46 53.49 4+ 0.65 80.55 + 0.56
TopKPool 78.54 £ 0.73 7547 £0.90 75.06 £ 2.12 79.24 & 1.84 75.06 £ 2.30 64.56 £ 0.56 93.31 & 2.32 76.12 £ 0.79 52.75 £ 0.58 79.94 & 0.86
MinCutPool 81.96 + 0.39 79.23 + 0.66 87.22 + 1.72 83.12 + 1.27 81.10 £ 0.42 69.09 & 1.12 95.99 + 0.47 77.76 & 0.36 54.94 + 0.19 83.37 + 0.18
StructPool ~ 82.56 4+ 0.37 80.00 + 0.27 91.50 & 0.95 81.09 + 1.26 79.61 = 0.70 66.49 £ 1.59 95.18 £ 0.59 77.14 £ 0.31 54.13 +£ 0.39 79.90 £ 0.18

ASAP 81.58 &£ 0.38 78.71 &£ 0.45 91.33+£ 0.65 79.80 + 1.88 77.33 £1.34 63.82 £0.75 92.96 &+ 1.09 77.89 &+ 0.51 55.17 & 0.33 82.11 £ 0.33
EdgePool 80.32 + 0.44 79.61 & 0.25 87.28+ 1.18 81.84 £ 1.32 78.92 + 0.29 66.21 + 0.64 94.98 £ 0.62 77.50 & 0.25 54.69 % 0.40 -
HaarPool - - 68.224 0.86 - - - 89.98 &+ 0.58 76.72 £ 0.60 53.03 £ 0.14 -

GMT (Ours) 82.19 + 0.40 80.01 + 0.21 91.00 &+ 0.82 83.54 + 0.78 80.91 £ 0.41 69.77 + 0.67 95.14 &+ 0.48 78.43 + 0.22 55.14 + 0.25 83.37 + 0.11

3.6.5 Experimental Details on Graph Generation

Common Implementation Details In the graph generation experiments, we replace the graph em-
bedding function f(G) from existing graph generation models to the proposed Graph Multiset Trans-
former (GMT), to evaluate the applicability of our model on generation tasks, as described in the
subsection 3.4.3 of the main paper. As baselines, we first use the original models with their implemen-
tations. Specifically, we use the MolGAN! [116] for molecule generation, and Graph Logic Network
(GLN)? [117] for retrosynthesis. For both experiments, we directly follow the experimental details of
original papers [116, 117] for a fair comparison. Furthermore, to compare our models with another strong
pooling method, we use the MinCutPool [83] as an additional baseline for generation tasks, since it shows
the best performance among baselines in the previous two classification and reconstruction tasks.

For MinCutPool, since it cannot directly compress the all n nodes into the 1 cluster to represent the
entire graph, we use the following trick to replace the simple pooling operation (e.g. sum or mean) with
it. We first condense the graph into the k clusters (k = 4) using one MinCutPool layer, and then average
the condensed nodes to get a single representation of the given graph. However, our proposed Graph
Multiset Transformer (GMT) can directly compress the all n nodes into the 1 node with one learnable
seed vector, by using the single GMPool; block. In other words, we use the one GMPool; to represent
the entire graph by replacing their simple pooling (e.g. sum or mean), in which we use the following

softmax activation function for computing attention weights:

exp(Q;K7)
22:1 exp(QiKg) '

w(QK™); ; = (3.14)

Implementation Details on Molecule Generation For the molecule generation experiment with
the MolGAN, we replace the average pooling in the discriminator with GMPool;. We use the QM9
dataset [121] following the original MolGAN paper [116]. To evaluate the models, we report the validity
of 13,319 generated molecules at the early stage of the MolGAN training, over 4 different runs. As
depicted in Figure 3.8 of the main paper, each solid curve indicates the average validity of each model

with 4 different runs, and the shaded area indicates the half of the standard deviation.

Thttps://github.com/yongqyu/MolGAN-pytorch
2https://github.com/Hanjun-Dai/GLN
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Table 3.6: Quantitative results of the graph reconstruction task on reconstructing the node features and the
adjacency matrix for synthetic graphs, with two different minimization objectives and error calculation metrics:
X — X" and A — A"°°. * indicates the model without using adjacency normalization.

Data: Grid Graph Ring Graph

Objective: min|| X — X7 min||A — A" min|| X — X7 min||A — A™°||
Error Calculation: || X — X" [J[A— A" [ X —-X"| [JA—-A"™ [X-X"| [JA—-A" [X—-X"| [A—-A"|
DiffPool 0.0833 12110194 0.3908 0.0856 0.0032 617.7706 0.6208 0.0948
MinCutPool 0.0001 0.0092 1.2883 0.0051 0.0005 0.0424 0.5026 0.0128
MinCutPool* 0.0002 201.7619 2.0261 0.0616 0.0003 68.23 0.5211 0.0725
GMT (Ours) 0.0001 0.0102 0.2353 0.0084 0.0000 0.0331 0.5475 0.0324

Implementation Details on Retrosynthesis For the retrosynthesis experiment with the Graph
Logic Network (GLN), we replace the average pooling in the template and subgraph encoding functions
with GMPool;. We use the USPTO-50k dataset following the original paper [117]. For an evaluation
metric, we use the Top-k accuracy for both reaction class is not given and given cases, following the

original paper [117]. We reproduce all results in Table 3.3 with published codes from the original paper.

3.6.6 Additional Experimental Results

Validation Results on Graph Classification We additionally provide the graph classification re-
sults on validation sets. As shown in Table 3.4, the proposed GMT outperforms most baselines, or
achieves comparable performances to the best baseline results even in the validation sets. While val-
idation results can not directly measure the generalization performance of the model for unseen data,
these results further confirm that our method is powerful enough, compared to baselines. Regarding the

results of test sets on the graph classification task, please see Table 3.1 in the main paper.

Leaderboard Results on Graph Classification For a Table 3.5: Graph classification results for

fair comparison, we experiment with all baselines and our OGB test datasets with standard deviations.

models in the same setting, as described in the implementa- Model HIV Tox21
tion details of Appendix 3.6.3. Specifically, we average the Leaderbonrd GCN  76.06 + 0.97 75.29 + 0.69
eaderboar:
results over 10 different runs with the same hidden dimen- GIN  75.58 +£1.40 74.91 £ 0.51
; ; GON  76.81 + 1.01 75.04 + 0.80
sion (128, while leaderboard uses 300), and the same number Reproduced

GIN 75.95 &£ 1.35 73.27 £ 0.84

of message-passing layers (3, while leaderboard uses 5) with

10 different seeds for all models. Therefore, the reproduced Ours GMT _77.56 +1.25 77.30 + 0.59

results can be slightly different from the leaderboard results, as shown in Table 3.5, since the leader-
board uses different hyper-parameters with different random seeds (See Hu et al. [109] for more details).
However, our reproduction results are almost the same as the leaderboard results, and sometimes out-
perform the leaderboard results (See the GCN results for the HIV dataset in Table 3.5). Therefore,
while we conduct all experiments under the same setting for a fair comparison, where specific hyperpa-
rameter choices are slightly different from the leaderboard setting, these results indicate that there is no

significant difference between reproduced and leaderboard results.

Quantitative Results on Graph Reconstruction for Synthetic Graphs While we conduct ex-
periments on reconstructing node features on the given graph, to quantify the retained information on
the condensed nodes after pooling (See Section 3.4.2 for experiments on the graph reconstruction task),
we further reconstruct the adjacency matrix to see if the pooling layer can also condense the adjacency

structure without loss of information. The learning objective to minimize the discrepancy between the
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original adjacency matrix A and the reconstructed adjacency matrix A™¢¢ with a cluster assignment
matrix C € R™"*¥ is defined as follows: min||A — A™||, where A"*¢ = C AP*°!CT.

Then we design the following two experiments. First, pooling layers are trained to minimize the
objective in Section 3.4.2: min|| X — X"¢¢||. After that, we measure the discrepancy between the original
and the reconstructed node features: || X —X"¢||, and also measure the discrepancy between the original
and the reconstructed adjacency matrix: ||A — A"¢¢||. Second, pooling layers are trained to minimize the
objective described in the previous paragraph: min||A — A™¢||, and then we measure the aforementioned
two discrepancies in the same way.

We experiment with synthetic grid and ring graphs, illustrated in Figure 3.10. Table 3.6 shows that
the error is large when the objective and the error metric are different, which indicates that there is a
high discrepancy between the required information for condensing node and the required information
for condensing adjacency matrix. In other words, the compression for node and the compression for
adjacency matrix might be differently performed to reconstruct the whole graph information.

Also, Table 3.6 shows that there are some cases where there is no significant difference in the
calculated adjacency error (||A— A"“¢||), when minimizing nodes discrepancies and minimizing adjacency
discrepancies (See 0.0331 and 0.0324 for the proposed GMT on the Ring Graph). Furthermore, calculated
errors for the adjacency matrix when minimizing adjacency discrepancies are generally larger than the
calculated errors for node features when minimizing nodes discrepancies. These results indicate that
the adjacency matrix is difficult to reconstruct after pooling. This might be because the reconstructed
adjacency matrix should be further transformed from continuous values to discrete values (0 or 1 for the
undirected simple graph), while the reconstructed node features can be directly represented as continuous

values. We leave further reconstructing adjacency matrices and visualizing them as a future work.

Additional Examples for Molecule Reconstruction We visualize the additional examples for
molecule reconstruction on the ZINC dataset in Figure 3.11. Molecules on the left side indicate the
original molecule, where the transparent color denotes the assigned cluster for each node, which is
obtained by the cluster assignment matrix C with node (atom) representations in a graph (molecule)
(See Proposition 5 for more detail on generating the cluster assignment matrix). Also, molecules on the
right side indicate the reconstructed molecules with failure cases denoted as a red dotted circle.

As visualized in Figure 3.11, we can see that the same atom or the similarly connected atoms obtain
the same cluster (color). For example, the atom type O mostly obtains the yellow cluster, and the atom
type F obtains the green cluster. Furthermore, ring-shaped substructures that do not contain O or N
mostly receive the blue cluster, whereas ring-shaped substructures that contain O and N receive the

green and yellow clusters respectively.

41



osRarte s No s wasss
A

@ £ HO F

oH cl OH

// cl //

F a'%)? f>< \//<°

N (o]
Uan o
(\ J -ﬁ/\"‘“/[k/
)
Cl

Figure 3.11: Molecule Reconstruction Examples (Left): Original molecules with the assigned
cluster on each node represented as color, where cluster is generated from Graph Multiset Pooling (GM-
Pool). (Right): Reconstructed molecules. Red dotted circle indicates the incorrect atom prediction.
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Chapter 4. Concluding Remark

In this thesis, we focus on the current limitations of node-level graph neural networks (GNNs) for
representing unseen nodes and entire graphs. Specifically, in Chapter 2, we aim at accurately representing
unseen nodes that are not seen during training but appear at test time. To this end, we first formally
define a problem of unseen nodes on a real-world evolving graph, which we refer to as few-shot out-of-
graph link prediction, and then propose the transductive meta-learning framework that simulates unseen
entities during training to handle newly emerged entities at test time. On the other hand, in Chapter 3,
we aim at obtaining entire graph representations that are distinct across different graphs. To this end, we
propose a transformer-based graph pooling method that not only captures interaction among all nodes,
but also is approximated to be at most as powerful as the Weisfeiler-Lehman (WL) graph isomorphism
test. We evaluate the performance of our models on tasks for unseen nodes and entire graphs, and show
that the proposed methods can accurately represent both of them, while node-level GNNs fail to do so.

We believe our models largely contribute to learning unobserved nodes and whole graphs more
accurately, and bring huge potential impacts in application to real-world graphs, for instance, evolving
graphs — knowledge graph, social network, and communication network — that grow with new nodes
over time. Also, ours could be broadly used to model the entire graph, such as representing a molecular
graph, analyzing a social network, and detecting an attack in a cybernetwork. However, there are still
remaining challenges that hurt the performance of GNNs on graph-related tasks. First, in a data-level
perspective, graphs, that are automatically constructed from the machine or even manually annotated
from the human, are inaccurate (i.e., there are missing links, and even available connections between
nodes are often incorrect). Thus, we further need to consider the accurateness of the predicted link, and
even develop the method for cleaning out the noise on the constructed graph. Also, in terms of machine
learning schemes, we should accurately reflect all sources of information on the graph, such as features
of both nodes and edges, and their underlying structural roles. Furthermore, in an application-level
perspective, it is required to explore the data — whose underlying structure is a graph, yet getting less
attention to model with GNNs, such as neural networks — and the corresponding method for exploiting
such particular data. For the rest, if an obtained graph representation is satisfactorily considered to be
accurate, methods of fusing the graph knowledge into other domains (e.g., computer vision and natural

language understanding) would be hopeful to further develop.
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